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ABSTRACT 


An approximate wave-equation (6) is set up which takes into account terms of the 
order (v/c)? in the interaction of two electrons. This equation (6) is reduced to a form 
(48) which can be interpreted in terms of electronic spins. Disregarding the effect 
of retardation the two electrons are described by formula (10). This is reduced to a 
form (36) which can also be described in terms of spins. It is shown that the retarded 
equation (48) differs from the non-retarded (36) by terms which affect the fine struc- 
tur of orthohelium and which have not been known so far. 

The derivation of the wave-equation (6) is made first in configuration space and 
later by the Heisenberg-Pauli theory of wave-fields. The latter method is used only 
to terms of the first order in the Coulomb interaction. It is shown from the considera- 
tion of (36) that it cannot be the correct equation and that the modifications due to 
retardation introduced in (6) and (48) are necessary. These modifications are ap- 
preciable only for spectra of elements with low atomic number. 


1. INTRODUCTION 


IRAC’S equation for the electron enables one to derive the electronic 

spin and to assign values both to its angular momentum and magnetic 
moment. In applying his equation to spectroscopic problems it is usually 
sufficient to express the two small components yi, 2 in terms of the large 
components w3, ¥, and to carry through the calculation to within terms in 
(v/c)*. This has been done by Darwin. The present paper is an attempt to 
set up an equation similar to Dirac’s for two electrons. The equation set up 
is only an approximation to within terms in (v/c)? for the energy. One’s first 
guess in setting up such an equation is (10) below. The interaction-energy 
is constructed analogously to the classical 


e pipll 
—|1-— 
r ¢? 


the first term referring to the electrostatic energy and the second to the 
magnetic. 


1 This equation has been suggested independently by Pauli and Heisenberg. Heisenberg 
arrived at the result by interpreting Dirac’s a's as expressions for the velocity—(v/c) while 


553 







































554 G. BREIT 


Since in the classical theory the difference between retarded and non- 
retarded potentials makes itself felt in this approximation it becomes neces- 
sary to consider this difference in quantum theory as well. As a starting 
point Darwin’s classical Hamiltonian is used. Dirac’s matrices a, are in- 
troduced in such a way as to leave the canonical equations unaltered with the 
same interpretation of the a, as in Dirac’s equation. This forms the subject 
of section 2. In sections 3 and 4 the retarded and non-retarded equations (6) 
and (10) are reduced to equations in the larger Y components and expressed 
in terms of Pauli’s two-row spin matrices. It is then possible to discuss the 
magnetic interaction of the electrons in terms of their spins and to compare 
them with the form which Heisenberg used in discussing the two-electron 
problem. 

Using the new Heisenberg-Pauli theory of wave-fields it is possible to 
derive the retarded equation (6) to within terms of the first order in the 
Coulomb interaction. This derivation is made in section 5. Although all 
that can be maintained at present is that (6) is correct to within terms of the 
first order in the Coulomb interaction it is likely, since (6) has been also 
derived from considerations in the configuration space, that it is the correct 
result in the approximation (v/c)?. 

It can be said with certainty that (10) is not the correct equation to 
within this order and that therefore Gaunt’s work on orthohelium will have 


to be extended to take into account the last term in the result of reducing 
(6) [See (48) ].? 


2. DERIVATION OF RETARDED AND NONRETARDED EQUATIONS 
IN THE CONFIGURATION SPACE 


Dirac’s equation for a single electron enables one to derive not only the 
proper values of the energy but also the equations of motion of the electron. 


This equation is id 
h 2 
(rot 2 aupitaume) ¥=0, po= —— —H+(e/c)Ao, 
k=1,2,3 2nri cot 
h 2 (1) 
=—- —— A: 
ts 2ri he ; 





Pauli got it by considerations forming "an extension to those of Jordan and Klein with 
quantizing wave-amplitudes. Essentially the same equation has been used by Eddington and 
particularly Gaunt who applied it to the fine structure of orthohelium. Professor Pauli kindly 
suggested to the writer to reduce (10) in a manner similar to that used by Darwin in reducing 
Dirac’s equation. The writer is very grateful to him for his advice and criticism. It is also a 
pleasure to express his thanks to Professor Heisenberg for discussions about the new Heisenberg- 
Pauli theory of wave-fields and his encouraging interest in this work. 

2 Estimates indicate that Gaunt’s results are improved by this modification. On account 
of not having sufficiently certain,expressions for the proper functions of the 2°P state of He 
it is not possible to speak definitely of agreement with experiment. 

The results (6) and (48) are simply extended to the case of several electrons by summation 
over electron-pairs. Also obvious extensions can be made for particles of unequal mass. 

















INTERACTION OF TWO ELECTRONS 555 


the Cartesian coordinates of the electron being x:, x2, x3 the time ¢; Ao(A, 
Az, A3) the scalar and the vector potential respectively, the charge of the 
electron —e, and c the velocity of light. Solving for the Hamiltonian E we 
have E/c= —(e/c)Ay—)>ar(pet(e/c)A zs) —agmc. We obtain with this E£. 


k=1,2,3 
ne ns En (2) 
—S=S = ‘ =— X-— =_ 
a.” 2” 
and also 

é 

(41) ' 

dt _—at Reuse —;ase" 


where H=curl A. It is seen that in (2) Dirac’s matrices a, are representa- 
tions of —x,/c and that (3) gives the momentum force equation, the left 
side being the momentum and the right the electric plus the magnetic 
Lorentz force.’ 

For two electrons it should be similarly required that the matrix expres- 
sion for the energy should give consistent equations of motion just as Dirac’s 
gives (2) and (3). The approximate Lagrangian and Hamiltonian functions 
taking into account the retardation of potentials have been derived on the 
classical theory by Darwin.‘ These are respectively 


= —myc?(1—B,*)/?—myc?(1 — Bn?) !?—exe/ nr 
+ (eren/2c*) [(riru)r—"+-(rr)(tur)r] (4) 
H = py?/2my+ pu?/2mn — pr*/8c2my? — put/8c?my? 
— eyAg' —eqxA + (€1/cmy) (pr A") + (en/cmu) (pu. A") 
+een/r _ (exer1/2c?mymy1) [(prpu)/r+ (pir) (pur)/r*] (S) 


Here the two electrons are distinguished by roman numerals I, II. Darwin’s 
notation is somewhat changed, the electronic charge being denoted by —e and 
the vector r and distance 7 without subscripts refer to the vector from elec- 
tron I to II. The form of (5) suggests to try for two electrons 


(p+ ~ (at peta pt) + (ad +ag")mc 
k=1,2,3 
+ (e2/2c) ( Yatamtr-i+ (a'r)(a™r) rs) ¥y=0. (6) 
k 


where now 


h i) 
po= —— —H(e/c) (Ad +A!) —e*/er 
2xi cot 


3 Expression (2) has been communicated to the writer by letter by Dr. P. A. M. Dirac 
in the summer of 1928. Essentially the same point of view involving also (3) has been subse- 
quently published by Eddington (Proc. Roy. Soc. A122, 358 (1929)). 

‘ Darwin, Phil. Mag. 39, 537 (1920). 
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h rs] 
pit 2o—— ———-+} (e/c)A a sal = (a! » ag! , a3!) 
2ri Ox 
h rs) 
pt =— +(e/c)A Psa! = (acl, aa! xs). 
2nri Axl! 


A!, A™ are respectively the potentials of electrons I, II disregarding their 
interaction and the wave function yw has sixteen components which will be 
written in what follows in the form Wn» (m,n=1, 2, 3, 4) the first index m 
referring to electron I and the second m to II. The matrices a,!, a,!! operate 
respectively on the upper and lower index. Thus by definition if a! and b" be 
any of these matrices 


(aOY) min = Domi Ont War (7) 
k,l 


Equation (6) is thus equivalent to 16 equations involving 16 variables Wmn. 
It is clear by performing a calculation similar to that used in deriving (2) 
from (1) that using (6) 


dx dx 
= —ca;,! = —ca;,! (8) 


dt dt 








so that the matrices representing velocities are the same as for one electron. 
Similarly we find imitating (3) that 


dpi 0A,o' dA} 0A; dA, 
Px =«( 1 =) + Deat( i “) 

















dt Ox cdl Ox Ax; 
rs] 
+ re [ —e2/r+(e2/2cr)((al a") + (alr) (alr) /r?) | (9) 


and that the same equation follows from (5) on the classical theory provided 
it is remembered that the , in (5) do not include the potentials as they do 
in (6). The values for the energy from (5) and (6) are also found to agree to 
within terms in (v/c)? provided it is remembered that a, should be replaced 
by (1—6?)"2.5 

If instead of using (5) the effect of retardation is neglected and the 
attempt is made to take into account only the magnetic interaction between 
the electrons corresponding to an interaction energy (e?/r)(1—v'v!!/c?) we 
obtain instead of (6) 


(0+ Slept staat pl) + (cal +ad)me+ (6*/cr)(ata") ) y=0. (10) 
k 


5 If instead of writing (6) we try to use in the interaction term expressions of the form 
(1/2m) Ze pe +a% pe ) then it is found that the simple form of (8) is no longer true and that 
it also becomes difficult to get simultaneously the correct value of H and the equations of 
motion. If the matrices represent the velocity components of a single electron, it would be 
surprising if for two electrons the velocity components were represented in part by the dif- 
ferential operators p. 
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This is the equation used by Gaunt and Eddington*®, and claimed by them 
to be correct. As we shall see the consequences of (10) are in some respects 
unreasonable. Further (6) will be derived to within first order terms in the 
interaction from the general theory of Heisenberg and Pauli. The work in- 
volved in reducing (10) to a form convenient for spectroscopic applications 
can be conveniently applied to (6). We, therefore reduce (10) first. 


3. REDUCTION OF NONRETARDED EQUATION TO LARGER COMPONENTS 


We follow here a method used by Darwin in discussing Dirac’s equation. 
It makes it possible to reduce equation (10) which involves 16 components 
(see (7)) to an approximate equation with 4 components expressed in terms 
of Pauli’s spin matrices. The approximation desired is that needed in most 
spectroscopic applications and includes terms in (v/c)?. The matrices @ are 
taken to be 


0 oO O 1 0 0 O-F Oo O 1 °\ 
(o 0 1 0 0 O 1 0 0 0 O-1 
qq a= a 
0 1 0 O 0 -i 0 O 1 0 O | 
i 0 O O i 0 oO OO 0 -1 0 O 
(11) 
1 0 O 
0 1 0 O 
aq= ° 
0 O-1 0 
0 0 O-!1 
Writing 
al = pi! +ipe!, b'=p,!—ip,!, cl=p;! (12) 
the (16) equations (10):involve the following types 
e2 
(pot 2mo)yi r+ Os toys +O stoi s+—¥3,3=0 (13.1) 
cr 
e? 
(Pot 2mc)P2,2+ a Ws .2—cls ot aye 3—cl We sat—Wa 4s =0 (13.2) 
cr 


(pot 2mc)hi 2+ bs 2tcs eta s—cY tba) =0 (13.3) 
Poi st Os stows stoi estoy 1a =0 (14.1) 
Pi st Os stovs stam icy 2+ —Ws,2) =0 (14. 2) 
pob2,stays,s—cWs st BY 2+ E+ —(2aa- Van) =0 (14.3) 


6 Eddington, reference 3; Gaunt Phil. Trans. Roy. Soc. 228, 151-196 Pamphlet A662 
(1929); Proc. Roy. Soc. A122, 153 (1929). 
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2 


pote stays s—CWs states — OM star =0 (14.4) 
: S 
e 
(po—2mc) bs, s+ be stolyi s+ bys otc: sa +-—i 1 =0 (15.1) 
cr 
2 
(po— 2mc) Wa stati s—ce ata ~ inst —dage® (15.2) 
cr 


2 
(po— 2meWr.2-+ Meat en abate 1a. — (22a vas) =0 (15.3) 


It is not necessary to write out the remaining 6 equations since they can be 
obtained by interchanging I and II. Since po =2mc we see that W4,4, s,s, 
Ws,4, W4,3 are large while the remaining y,,, are small. Using equations (13), 
(14) we let to start with pp =2mc and solve for ¥i,1, ¥i,2, ¥i,3 in terms of the 
four large y’s neglecting for the present all terms of order higher than v/c. 
Equations (14) determine the order of magnitude of ¥,3, ¥i,4, We,3, We, as 
v/c. Using these values in (13) the order of ¥1,1, ¥i,2, W2,2 is (v/c)? and to the 
first approximation these may be neglected. The results for the first approxi- 
mation may be expressed most conveniently by means of Pauli’s matrices 
with two rows and columns which represent the spin. We let 


-( — [08 “ ” 
a >) a-(_ 54): 7). oor 


[These are the negative of Pauli’s matrices. It is for the present purpose 
somewhat more convenient to have the sign changed as done here.] The 
two row matrices are used as operators on the suffixes 3, 4 only. 

Using the relations: 


((pd"))3,3= — (bvs,st+cys.s) ; ((pd')W)3.4= —(bvs.atcbs.4) 5 ((p6)¥)4,s 
= —(ap3,s—cfs,s) 5 (pd) 4,4= — (abs, 4— Oa) 
((pd"))3,s= —(bvs,at+cs,s) ; ((p6™)y)s,4= — (abs,s—chs,4) ; ((pd™)y)a,s 
= —(bps.atopa,s) ; ((pd"))4.4= — (abs,s— Oa) 
((6'6")y)s,s=Vs,3 5 ((6' 6" )Y)s,4= 2fas—vs.4 5 ((OO™)Y)a,s 
=23.4—Wa,3 5 (( OY) 4 a=W. 
and letting 


(17) 


(18) 


x'=(p'é)y, xt= (pl 6")y (19) 


we have to a first approximation 


Po=2mce 3 Win =V1,2=¥2.1=2,2=0 
; . 
Vi,s=(2me)—x's,3 ; Via=(2mce)—x'3,4 ; v2,3=(2mc)—x 4,35 We2,4=(2mc)—x 4.4 


ll u (20) 
s.1=(2mc)—x 3.3 Wa1=(2me)X 4,3 ;Ws,2=(2mc)— x 3,4 5 W4.2=(2mc)—"x 4,4 
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Substituting these values in (13.1), (13.2), (13.3) we derive values for 
Yi, V1.2, W2.2, Ye. to the order (v/c)? which on using (17) and (18) again 
reduce to 








¥in=3,3 5 V22=74,45 Vi2=03.45 V21=14,3 (21) 
where ( I 1)( II 11) 
e i pio")(puo 
a ——" ae ror v- (22) 


Also substituting (21) in (14.1), (14.2), (14.3), (14.4) and again using (17) 
and (18) we get to the order (v/c)*® 


Vis=Po (+H )s35 Via=Po (i+ )s4 5 ves=po (xt +H )a.s 5 
V24=po (xt+i ai 














23 
V3.1= Po (xt tH )s.3 5 War = po (xt toes 5 Vs.2= po (xU +e )s.4 5 (25) 
Va2= po (xt +e yas 
where 
e - , (pio!)(ploll)? 
gl = rar (p™ 6!) (¢ 6") (r W)+2r (alo!) (p" é1)y} ao rary —y = 
2 I-11) (pl ql)2 
= —— { (pte!) (6! 6) (ry) + 27-1! 6") (pay } + — uF 
4mc? 4m%c? 


We have now obtained expressions for all the ¥,,m correct to the order (v/c)? 
in terms of 3,3, W3,4, V4.3, V4.4. We substitute these values into (15.1), (15.2), 
(15.3). The term po—2mc is itself of order mv*/c or (E—mc*)/c. Our problem 
is to determine E— mc? correctly to within the third term in an expansion 
according to powers of (v/c). Hence we should require that on dividing 
equations (15) by ¢ all the other terms should be known to an accuracy 
(v/c)*. Since a/c, b'/c, c'/c are of the order v/c the accuracy (v/c)* in de- 
termining 4,1, ¥3,1 etc. suffices and similarly since e?/c*r is of the order (v/c)? 
the accuracy (v/c)* in determining Yi, ¥i,2, We.2, Y2,1 is also satisfactory. 
Performing the substitution of (21), (23) into (15.1), (15.2), (15.3) we have 
using (17), (18) once more 


{ (Bo 2meWW—(B'6) PAE) (BE) PMN E+ (@86!)n)f =0(25) 
ap 


where 
a,8=3 or 4. 


This is the result of eliminating in (10) the smaller components and expressing 
them in terms of the larger ones. It now remains to substitute into (25) 
equations (19), (22), (24) and to make the result linear in o', o. We do this 
by means of the formulas 

01\02= —i03, 0203= —101, 030,;= — toe 


(26) 


o;°?=0,2=03°=1, oiortowi=0 (i¥k). 
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Performing the substitution and collecting terms we have: 


{ (b0—2me) — (pa) po-"(pta)— (pHa) pop") 
e2 
4m*c8 
+ (p™ 6!) r-1( 6! 6!) (p' 6!) +7-1( 66") (p' a!) (p™ 6") | 
_ (pta)*(pte")? ef eens. 


4m*c3 4mc* rr?) 





+ [(p! é!)(p"™ 3!) (6! é")r-1+-(p' er“! 3!) (p" 3!) 


(27) 





The term e?/4m%c3[ | consisting of four members may be transformed con- 
veniently by using a symbol ( ) to indicate that the differential operators 
p', p"' apply only within the ( ). We have then, remembering that p'p"r-y 
= (p'r- ) pV + (pUr- ply + (p'pUr-! W+1r-'!p! ply understanding p and o as 
vectors 
(pla!) (pUolt) (ato!) (ry) + (pla!) r-“ (alo!) (pUol) yt (puc!)r— (alo!) (platy 

+1-1(oFo!)(plo!)(pMa™y = ((ptot)r-1)( (plat) (oto!) + (ata) (ph'o™))y 

+1-1(( plat) (pia!) (ala!) + (ato!) (pla!) (pol!) w+ ((pto!)r-) (plat) (ato!) 

+ (o%o")(plo!) + ((plat)( plo!) ota")! W-+r-1((pla!) (otal) (pta™) 

+ (pial) (oto!)(plat))y = 2 (plo! )r-!)( pla! Wt 2 (pho) )(prol)y 

+ (plo!) (pio) (ota!) )y-+ 2-1((plat) (pHa!) + (pal) pla) y= 4r-1(plpy 

+ ((pho) (pHa!) (oto™)r-* W+2( (pr) pM) + ( (ptr) ph 

— iL (pr) x p™ Jot — i[ (p81) X pt] oM)y. (28) 
Here the p,! and p,!! were treated as ordinary differential operators because 
on division by c the whole term is of the order (v/c)* so that the higher order 
terms arising from the noncommutability of the p’s may be neglected. Use 


has been made in the above of formulas following from (26) viz. for any two 
commuting vectors A, B 


(Aé)(Bé) =(AB)—i[AXB]é (29) 


where [AX B] is the vector product of A and B. Since the last term in (28) 
is the result of applying (29) to 2 ((p'a!)r-!)(pMa!) +2 ((pUa")r-)(pla") only 
one of ’s operates on y while the other operates on r~!. Again using (29) we 
have 


(pla!) (pio!) (alo!) = (plo!) { (pio!) +i[ p' xo" Jo! } 
= (pip) —i[px pot+ if pt [p™xot]—ilp'x [p™Xot]Jot} (30) 
= (pEpM) — i[ phx p™](o! — 08) + (pH!) (plat) — (oto!) (pt pH). 
If this operates on 1/r it is simply 


(prot) (pto™)(atoM)r-?) = ((p'a")(pio")r). 































INTERACTION OF TWO ELECTRONS 


We have therefore finally 


e 
4m?c3 
+(p™ 6!) 1-1 6! 6) (pta!)y+1-"( 66") (pte!) (pt e)y] 


— (pip!) + (plat) (pt !?)r) 


mcr 4m*c8 





[(p! 3!) (p"™ ei!) ( gl 6) r- W+ (p! é')r-*( 3 3!) (p! ay 


(31) 








2 


+ (( (pt?) p)-+( (ptr )pt)—il (pt) xp] ot—i[ (oy!) xpi] ey 





2m?c8 
In computing (p'e')po-'(p'o') we may not disregard the noncommutability 
of the p’s because this term on division by c is of the order (v/c)*. We have: 
(p' 6!) pop! 6!) = (2mc)-"(p' 6") [1 — (2mc4-( E— 2mc?+ eV) |(p' 6!) 


where 
2 


é 
V=A)+AU-—— (32) 


r 


or 
h 9 


2ri Ox, 


h re] 
+eV)| >(— Sal 


m comps (E( A Poe ta)or) 


2mi Ox ¢ 
— (2mc)—'(p! 6!) (2mc?)—"( E— 2mc?+ eV) (p'é') 
where in the second part of the expression the difference between p,! and 


(h/27i)0/dx, is not essential since that part on division by c is of the order 
(v/c)*. We have therefore 





e 
(p'o!) po "(p' 6!) = (2mc)“! p ( +—4 ‘) ox) [1—(2mc?)-( E—2me? 
c 





é 
+—A ‘) oy 
Cc 














h E—2mc?+eV 
(plo!) po pla!) = (2mc)? Do)? (H's!) -" —— e Yo (pe)? 
Tmc 
ehi eh p! 
a ime 8amc® | exe] i (33) 
where 
H'=curl A! 


(33’) 





0 0 te) 
t= — grat =— ( , :)V. 
3 


Oxi dx! dx 
The term (p'é')*(p"o")?, entering as (v/c)*, we neglect in it A, and obtain 


(p'é!)?(p™ 6)? = > (2)? > (pt)? = (p!)*(p")? (34) 
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Using (26) 








(d' 6)? = 3—2 (d' 6") (35) 

Substituting (31), (33), (34), (35) into (27) we have 

1 E—2mc?+eV 
{ e—2met+ev-——(1- act ) X(pe)*+(p2)") 
2m 2mc? 
he 
nee 
4amc 





p¥ 2 I ul 
+ he ([ex Pax one ) +2 (=) 
Same? m cr\ m m 
(<7) (orenoto yrs) 4] (ot) +(— or) | 
—— A ° . 
4armc 4arm*c? r - r3 af 


eh sist pil gi gil I 1)2( ,I1)2 
_ (| x] 4 [ x2] en Ae 
4amc? rs m r3 m 4m3c? 


e 3- 2(6' 6!) 
ys 
4mc? r? 

Solving for E—2mc?+eV 




















I\4 4 2 
ee i +- — 


8m*c? mc mc/ | 
ril_yfl 
em, 
r3 
+2e(—" pn) ]+ he (ote fou 
r8 8amc? m m 


r — fil II rl —fi I 
+ 2e| xe] é! + 2¢ [x2] a) 


r® m r m 





+e 

















-() é)(vi6")r anyrtlyao, (36) 
4armc 


This is the result of reducing equation (10) with 16 components to equations 
in the 4 larger components. Comparing this with equation (24) of Heisenberg’ 
we see that all of these terms are included in his (24) with the exception of 


4 IT) 4 2 I pl! <= 
(p*)*+(p") +2(2 2) 4 - (Ep) +(E%p ) +2¢(— . ) 


8mc? 











mc MC 8am 


ppl . 
+2¢ ( . pi) - 
r 


7 Heisenberg, Zeits. f. Physik 39, 499 (1926). 








é)r-?, 
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The first of these may be called the relativity correction to the kinetic energy, 
the second is the magnetic interaction of the orbits, the third is characteristic 
of using Dirac’s equation, has been discussed by Darwin,’ for a single electron 
and will be discussed in more detail below; the fourth term may be called a 
higher order interaction of the spins but as we shall see later enters here with 
a wrong factor on account of having neglected retardation. In particular we 
observe that the fine structure of helium should be exactly the same according 
to (36) and (10) as according to Heisenberg’s (24). In making the comparison 
with Heisenberg it is necessary to remember that our ¢;/, o,!! are just the 
negative of Pauli’s and that Heisenberg’s last term representing the dipole 
interaction is given in (36) as —(eh/4mmc)?(V"o!)(Vio")r). 


REDUCTION OF RETARDED EQUATION TO LARGER COMPONENTS 


We can now perform a similar calculation for the retarded equation (6). 
The first approximation and therefore (20) remains the same as before. 
Using (20), (17), (18) in equations which now correspond to (13.1), (13.2), 
(13.3) 


Vir=n's,3, V22=0'4.4, Vi=7'3.4, Vo1=0'4,3 (37) 
where 


n’ = — (e?/8mc*)((6' 6") r+ (dx) (d"r)1—*)y +(p'!)(p™ d!)y/4mic? (38) 


use being made of equations such as 
1 
((a'r)(alr)y)1,s=—((6'r)(6"r)x") 3,3 (39) 
2mc 


which follow on substituting (20) as well as 
((atr)(a™r)y)n.m=((d'r)(d"r)¥)n.m ; (",m=3 or 4). (40) 


Using these values for (37) the quantities ¥,3, Ye,3 etc. are evaluated to a 
higher approximation than (20) and analogous to (23). This again is ob- 
tained from the equations which now take place of (14) as 














Vi,3= po (xt +233 5 Vi a= po (xo +é)3,4 etc. (41) 
where 
— e {(prain(‘ oo ON 42(S ON piety \y 
8mc? r r3 r r3 
(p'4!) (pte)? 
+2 (42) 


Putting these values into the modified (15) we have 


| (bo—2ma)— (PEO?) par ME+2") — (pA! po“ Me +E™) 
e? eT ai 
a,B 





+ (43) 


2c r r3 


*C. C. Darwin, Proc. Roy. Soc. 118, 654 (1928). . 
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where a, 8 =3 or 4. Substituting into this (19), (38), (42) we obtain 





{ po—2me—(p'é) po-'(p' 6!) — (p68) po'(p 


+(p'é!)X(p™ 6") + (p™ 6") X(p'é!) +X (p'a!)(p™ 6") | 








I gl)2( pl gl)2 4 
BR as it xhy=0 (44) 
4m*c 16mc* 
where (6)  (é'r)(6"r) 
é 6 ér)(é'r 
= “f - ° (44’) 
r r’ 
In addition to (31), (33), (34) we need also the following expressions: 
fii gil dlr lp élr blr 
(ptaty(pit gn) ME) +(p I pts = pram + (pray Op Ig!) 
r 
enn (et — xF)(xjt— x7!) 





——_——(p'4!)(p TI gil) = 4>> : pip = 
r 


+2( (tr ),p™—p!)—2i|(p"r-')Xp"] 6" —2i[ (pr!) xp" ]é 
+ ((p'6")(p'6!)r) (45)* 


which when combined with (31) gives 





3!) (p" ol) X+ (p! 6!) X(p"! el!) + (p! 6) X(p! 3') +X(p! 3!) (p"! 3!) ] 














8m?2c3 
2 (xi si x3)(27 —= x) 
= a (r@'p")+ >. > ae 
2 
+73 (pte)(pie")r "Je! 
+[(p"r-')Xp"] 6"). (46) 


It should be noted here for future reference that ({p™r-'), p''—p!) in (45) 
has been cancelled by a similar term in (31). Using (29) we also have 
6—4(6'6%) 2(6'r)(oUr 
aad 2o)(6) - 
r? y4 
Substituting (33), (34), (46) into (44) and solving for E—2mc?+eV as has 
been done in deriving (36) we have 
(p!)4+(p)4 e? 


1 
{B= tmet eV —S (a+ (B19) + + (r-(p'p") 
8m3c2 Im2¢2 








é')+ (HU gl!) | 





+ Dor-*(xdt—x})(xft- pip, 


* For derivation see appendix. 
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hi h I II 
+ — [(Etp') + (E™p™) ]+ ; ({e ad gi + [exe] gil 
8arm?c? Samc? - rn 
ri—fl pl fig! pl eh \2 
+ 2e| e] a+ 2e| x=] a) —( Jaonae é)r1) 
r° m - m 4amc 
4 /3—2(86") (er) (6! 
«ian ( (FM) | ( r) ( MN y=o. - 
8mc? r? r’ | 


This is the result of reducing equation (6) with 16 components to equations 
in the four larger components just as (36) is the result of reducing equation 
(10). This equation (48) is presumably the correct one to use since it has 
been derived using a correction for retardation in (6). It is further seen that 
it contains terms 


(e2/2m?c?) | “etn 4 > r-( x8 —x3)(« 2 pip? | 
i,j 

which are the quantum theory analogon of the classical (e2/2c*)[(viv!)r-} 

+(vir)(v%r)r-]. The e*hi/42m%c*(r(p! — p")) occurring with (Ep) in (36) are 

absent here. So far as the (Ep) combinations go these terms would mean that 

in an atom with nuclear charge Ze the whole bracket multiplied by ehi/8am*c? 

is 


((Zeryry* — 3e?(ry — 1) p") + ((Zernrm* — 3e*(tn — 21) 1~*) pp") 


so that if the electron I is far out the effective screened nuclear charge for 
p' is Z—3 instead of Z—1. In equation (48) however the effective screened 
nuclear charge is Z—1. This argument is not conclusive because the terms 
(rr-*(p'— p!')) can be absorbed in e?/rm*c?)(p'p™) provided this is changed 
into (e?/2m*c?)(p'r—'pU + pUr-'p!). The question cannot be decided unless it 
is possible to know® in what order the factors p', p", r-' correspond to the 
classical v'v!"!/r. In (48) the order of factors in corresponding expressions is 
readily verified to be immaterial. 

Quite unambiguously we can see, however from the fact that (36) does 
not contain the combination 


r-1(pi pl) + Yr a2 —x})(x—x})pip™ 


that it cannot be a correct result. We must require that for cases where the 
effects of spins are negligible the result should agree with Darwin’s (5). This 
is the case for (48) and not for (36) and therefore (48) rather than (36) is the 
correct equation. A generalization to the cases of particles of unequal mass 
can easily be made. The result is 


' E—(my+my)c?+eV — (px?2/2my) — (pu?2/2mr) + (pr*/8mr3c?) + (purt/8mn3c?) 


* According to Jordan and Klein [Zeits. f. Physik 45, 751 (1927)] the order + (p'r—p"™ 
+p"'r-1p!) is the correct one to use. This is in agreement with the results below. 
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+(€2/2mumnc?) [(pip")-+ Ord x) (2 2) pp] 


+ (he/4mc) [((H'0!)m y-!+ (Ho!) my! | + (ehi/ 8c?) [(Etp!) my? + (EXp!) my? 
+(he/ 8c?) (my? | El X p" Jo! + my? [E™ X p™ |o! + 2(mymur®)— { [(r!—r") 
Xp" Je'+ [(rt —r') Xp! ]o" } )- (eh/4xc)?(mymn)— (vi 3) (vi64)r ) 

— (e*/4(my+myx)c*) [(3 — 2(6'6")) 2+ (atx) (64 r)r-4] }y=0. (48’) 


For my; = © this degenerates into the equation for a single electron. 


DERIVATION BY HEISENBERG-PAULI THEORY OF WAVE FIELDS 


We use the results of Heisenberg and Pauli in the form of their equations 
(109), (110) 


—-E®= > e2h/4n)(E, — Ey hip)" N 9 +1) N e°(dee™ — ices) (dea + Cts”) 


po (109 H.P.) 
+ Do (6?/ Aan) No(dea™ + ices) N (dur + ice) 
st .rr 
applying to the case of Einstein-Bose statistics for matter and for our purpose 
an equivalent expression for the case of matter obeying the exclusion princi- 
ple. Here E,, E, are possible energy values of a single unperturbed electron 
neglecting therefore its interaction with other electrons. The system con- 
sists initially of N° electrons in state s, N,° electrons in state ¢ and no light 
quanta. On account of interactions between matter and radiation light 
quanta appear. Their frequency is v,, where r refers to a particular set of 
vibrations in Jean’s cube and A=1, 2, 3, 4. For the reasons which make it 
necessary to introduce the index A the reader must be referred to the paper of 
Heisenberg and Pauli. We use the notation 


Ca” = feet apeinatoAdV 
d,,.*= ff setu tuna (101 H.P.) 


$i=O"2;", Go= P09” (97 H.P.) 


meaning by w,’, the proper functions of Dirac’s equation corresponding to E,. 
Also letting x,, A,, u, be integers ¢o the scalar potential ¢,/c (¢=1, 2, 3) the 
vector potential 





$1 = (8/L*)"/2q," cos rL—'x,x sin rL—,y sin rL—y,2 
do = (8/L*)"/2qo" sin rL—x,x sin rL—,y sin rL—y,2 
ZL, = Cre! 5) Ve = KPA the? 5 Ve,0'%(€+8) = €(1—5)r,,1’. 
In these formulas the integers x, A, u determine the modes of vibration of 


Jean’s cube, ¢ and 6 are small constants which are made zero in the limit. 
They evaluate in their (116) 


(84 H.P.) 
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— So(2mvn) "der nm = Jf Peru *(P) ug Puc P)ue(P)AV EY" 


’p.p, being the distance between the point P=(x, y, 2) and P’=(x’, y’, 2’). 
Whenever the same dummy suffix occurs twice a summation is performed 
with respect to it. They have also shown that to within the approximation 
in which E,—E,+hyv,, can be replaced by hv,, the cross product terms 
d,:C1, contribute nothing and that the terms c¢,,c;, give a term in 


f r*ppu,**(P)a',gtte'(P) + uy**(P’)atyty*(P’)dVdV'’. 


These two terms due to d,.d,, and C,:¢;, give as a result equation (10) which we 
have used to deduce (36). 

The way to get corrections for retardation is indicated also in their paper. 
They state that the difference between (£,—E,+/yv,,)“ and (hv,,)—' gives 
these corrections. 

Since the c,,c:, terms contribute results involving products of two a’s their 
effects are of terms in (v/c)*. For the purpose of this paper we want only an 
approximation to this order (v/c)*. It is sufficient therefore to consider in 
CetCt, the first approximation to (E,— E,+hv,,)-'=(hy,,)-.. The d,.di, terms, 
however, are of-order 1. For them we must expand (£,—E;+hv,,)—. Now 
their (112) is replaced by 


>> ((hypn) + (E; aa E,) (hyn)? + (E, —_ E,)*(hvp)—*) derdts . (49) 


The evaluation of the first term of this is performed by them by letting 


> va vo"(P)v0( P’) =G(P, P’) 


rh 
and then showing that for 6-0 


ApG(P, P’) = 64r°L-3 }* sin eL“H,x sin rl, y sin rL—'y,2 


" sin eL—1H,x’ sin wL—),y’ sin wL—'y,2' = 84°6(P— P’) (114)(H. P) 


whence it is deduced that 
G(P,P’)=—2ar pp. (115)(H.P.) 


For reasons which will be seen presently it is more advisable for us to perform 
here a direct calculation. We let L—. In the limit we can then replace 
summations by integrals. In order to be dealing with free particles we must 
simultaneously remove them from the walls of the enclosure. Thus we also 
increase x, y, z keeping x —L/2, y—L/2,z—L/2 constant. Under these condi- 
tions the walls of the enclosure recede from the particles to infinity and the 
coordinates of the particles with respect to the center of the enclosure are 
kept constant. We have then 
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G(P, P’) = — (64/2) f J f (w 1? + we? + ws”)! sin WX sin Wey sin W32 
0 40 wo 
sin wx’ sin wey’ sin w32’dwidwedws3. (50) 


The product of sines in the integral can be combined into a sum of eight 
products of which (1/8) cos w:(x—<x’) cos w2(y—y’) cos w3(z—2’) is the only 
one of importance. The others contain one or more factors of the type 
cos w,(x-+x’). These considered as functions of w alternate very rapidly 
because x+x'=L. The contribution of these other terms is therefore 
negligible. We have further 


4 cos wiX cos weY cos w3 Z=cos (wi X +w2¥ +03Z)+c0s (—wiX +u2¥ +032) 
+cos (w,X —weY +w3Z)+ cos (w:X +we¥ —w3Z). (50’) 


In using integrals such as (50) we are concerned therefore with 


f f f f(w1?+w2?+w3?) cos w,X cos wel cos w3Z dw dweodws3 
° 0 0 0 


> gall ad Oey (51) 
“i a/ J f f(wr?+ a2? +3") cos (w1X +we¥ +03Z)dwidwodw; 


by (50’). Since the last integral extends over all the space w it can be written 
ire 
ral J f 21w) f+ we?+ws*) cos (w:R)dwidwedws ; R?=X?+Y?+Z? (51’) 
Substituting these values into (50) we have 
G(P, P’) = —(1/z) J f(w1?+we?+ 3") cos (w1R)dwidwedws. (52) 


For the three terms in (49) in the case of = —1 (this procedure is justified 
at the end of the paper) we need to evaluate this expression with f=Q-?, 
Q-3, Q-4 where 2? = w,?+w.?+w;?. We have 


f Q-? cos (w,R)dwdwodw3; = 2x?/R (53) 
J &Lc0s (wR) —1]dw,dwodw3= —x?R (54) 
f 2-|[cos (w,R) — 1 |dwdwodw3= const. (55) 


By means of (53), (50) © 
G(P, P’)=—2x/R (57) 
which is (115) of H. P. 
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Next in (52) we replace the summation by the first term corresponding 
to (57). With this understanding we have: 


ie (e*h/4m)(E.— E,)*dai™dus™( hon)? = 


s,t.r.rv 


(e*/4rh?) J fects Pragt(Pyuct(P) tte*( P’) > .(v_x)~800™( P) 09" P’) (E, — E,)*dV dV" 


rr 
Writing 
F(P,P’)= Div 0" P)v0™(P’) (58) 
rr 
we find 
F(P, P’)=—44c~? f Q-4(cos (wR) — 1)dwidwedw; = 42*c-?R (59) 


where (55) has been applied and 1 has been subtracted from cos wR. This 
amounts to adding and subtracting in the integrand Q-‘ four times. The 
result is unchanged because as we shall see an additive constant in (59) has no 
effect. Thus: 


> (e2h/ 4m) (hyn) -*(Es— Ep) *dae dis” 


8,t.r,r 
= neh? Do ff (E,— E,)*c~*Ru,**u,'(u,*'u,*)'dV dV’ . (60) 
s,t 


Using (1) we have: 


h 
(Ete Ao) up + ) (—< ——+—As ) arb -+mcay tay! =0 


ke1,2,3 \2mi OX, 


h @ e 
—(Exte Ay)u,**+ >> (-= —+~A,) Ur **cry*+-mcu,**a,,*=0. 


k=1,2,3 2Qri Ox, C 


Multiplying the first of these by u,**, the second by u,‘ and subtracting we 
have: 





‘ Ou, (ty ** ergy") 
(E,- E,)u,**u,t+ er thy * "digg" ————-u,' }=0 
2ni Ox, OX, 


which may be written on summation as 


1 h 

—(E,—E,)u,**u,'+ u — ta * 0, *u;') =0 (61) 
c 2ri Ox, 

analogously to the conservation theorem being in fact that theorem for the 

part of the current four vector due to cross product terms of states ¢, s. 

Formula (61) shows that an additive constant in (59) can contribute nothing 

since it disappears on partial integration. Similarly it shows using (55) that 





= oe 
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the second term in (49) contributes nothing. Substituting (61) into (60) we 
have 


e’h (E,—E,)? e? O( tp **cipe* ue") O(tte’ *tar’, u,'* 
> nom a thduta A [roy ( p & ) ( ) 


dVdv’. 
a,t.rA 4r (hy)? 





OX; Ox, 


Combining this with 


(e2h/4me) >> (hv) ded ys = — (€2/2) f snugteaytne!* ug! aVaV" 
rr 


and 


e 
(e2h/4r) Li (hon) teu cu —=— f 1) Dp Up *Qipe Ug! (Uy*atyr'ty*®) dVdV’ 
r,0 
so that (118) and (119) of H. P. is still true but corresponds now to 


Ast,te = fre je)! — Bhp *"Cing ‘the®( 26, * ayy *ts,*)’ 





O( Uy * cine *uy*) O( u,**a,,"u,*)’ 
~(1/2) ( r) p ) ( wp Oy ) havav’ 


, 
kl=1,2,3 OX, Ox, 


= . | 1 + * , 1 btk 
= rpp Uy **uy'(ue**u,*)’ —— 
2\rpp 


> (xe — xx’) (x1 — x7’) 





+ 





) to et yaa AV EV” (62) 
k,l pp’ 

We have performed here two partial integrations and also used the fact that 
terms due to retardation contribute nothing to A,,,1:. By an accent put over 
a parenthesis we mean that the parenthesis is to be evaluated at (x’, y’, 2’). 

This result (62) means that the interaction energy in the configuration 
space is of the form used in (6) since that form according to ordinary quantum 
mechanics gives as a first approximation to the interaction energy the expres- 
sion (62). The method of approximations used gives so far only the first 
approximation in the Coulomb interaction between the electrons. It does 
not necessarily follow therefore that (6) is correct to within all terms in 
(v/c)*. But if we combine this derivation with the arguments given in the 
first section it seems at least very likely that (6) is the correct equation. 

It is satisfying to note that just as Darwin’s form (5) takes into account 
retardation by considering second order corrections to the electrostatic poten- 
tial so our retarded equation owes its retarded terms to the third member of 
(49). The first order correction vanished both in Darwin’s classical calcula- 
tion and here. 

The equation (6) and its reduced form (48) differs, as stated before, from 
(10) and (36) by the presence of —e*(8mc?)-\(é!r)(é"r)r-* which should 
affect the fine structure of orthohelium. In order to see its effect it is con- 
venient to combine it with the term just preceding it which represents dipole 
interaction. These two terms together contribute to the energy the amount: 
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(é' 6!) 3 2n*e?m eh 
we | 4- (-=+ ) (ono) | where p= : 


r3 r5 h?r4 rmc 











Only the second part of this expression contributes to the fine structure on 
account of the presence of (é'r)(é'r). Retardation makes itself felt here 
through the term in r~*. Its effect is seen to decrease the influence of the 
ordinary dipole interaction. For helium in the 2°P state the retardation term 
is roughly 1/3 of the dipole term. 

A preliminary calculation of the orthohelium fine structure using an 
equation equivalent to (36) has been made by Heisenberg’. Recently an 
attempt to refine Heisenberg’s calculations has been made by Gaunt®. Gaunt 
also uses an equation similar to (36). It is clear from Gaunt’s calculation that 
the result is uncertain on account of not knowing a sufficiently good approxi- 
mation for the proper functions of the 2°P state of helium. Preliminary 
calculations of the new term in (48) show it is not in contradiction with 
experimental values for it improves Gaunt’s present result. It is premature, 
however, to claim agreement with experiment before the proper functions of 
the 2°P state are worked out and the perturbation calculation for the fine 
structure is made with them in such a way as to be sure about the accuracy 
of the result. 

All the terms in (48) with the exception of the last one due to retardation 
in the action of the electrostatic potential can be interpreted physically in 
terms of the spin model and in fact have been written down and used by 
Heisenberg before the discovery of the Dirac equation. The effect of retarda- 
tion is to introduce interactions which have no simple explanation in terms 
of the spin. Since Dirac’s equation is based on much more solid ground than 
the spin model the new terms have in all probability a physical existence. In 
the case of electrons they would be expected to be capable of experimental 
detection only in the spectra of elements of low atomic number. There is 
also a possibility of testing the formula on the fine structure of band spectra’®. 
If Dirac’s equation applies to protons it may also be possible to test the 
existence of the new terms in such cases as radiation probabilities of ortho and 
parahydrogen. If we are interested in higher approximations than (v/c)? it 
is more convenient not to use the expansion (49) but to consider* pairs of 
terms 


NONE, mas E, + hv»)—"(dae™ ie ics”) (dis™+ ict”) 
+N YN (E, oe E.+ hyn)" des™ = iC1.") (d+ iat) . 


The evaluation of this expression is laborious and need not be given in detail 
here. For the limit 6=0 we find for instance 


—_ (e2h/ 4) > NN? [dei dis(E, aa E.+ hyn) +d du™(E; mes E,+ hv») } 
rh 


= e? f u**u'{ cos (2arpp/Dat) 


—(1/2)(1-+e~) (24rpp:/dsx) sin (27 pp/det) (1/1 pp) (u* ut) 'dVdV" 
10H, A. Kramers, Zeits. f. Physik 53, 422 (1929). 
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where 
Au=ch/| E,—E,| . 


Applying the conservation of charge (61) we get for the second part of the 


integral and similar expressions for the dcp — dic as well as cc’ contribu- 


O( u* act! 2arpp'\ (2arpp\' 0(u*'ta*ut)’ 
—e/nite) [—*~ Re en (sn _ )( be =") dln y avav’ 
Ase Ast Ox,’ 





tions to the interaction energy. The first of these contributes only terms in 
1+ while the last gives (u**a‘u')(1/rpp-) cos (2mrpp:/Ast) (u*taiu*)’ combi- 
nations as well. On adding all the terms it is found that 1+ ¢~' disappears on 
using (61) and partial integration. The terms independent of € combine 
into 


A st,ts— f (u,**u,! | 1/rpp: } (tt, **u,*)’ 


= Up**etpe\tte! {1/1 pp: } (Uy**eryr't,*)')dV dV" (63) 
where 


{ 1/rpp’) } - (1/rpp-) cos (2erpp:/Xet) 


may be said to be the retarded value of 1/r,,- for the transition (s?). 

The calculations can be shortened by observing to start with that all 
terms in 1+ ~! must disappear since otherwise the interaction energy would 
become infinite for ¢=0. This means that at this stage of the calculation we 
may work with e= —1. The calculation then becomes quite short. 

This short cut is a close equivalent of the procedure followed in classical 
electrodynamics in deriving the retarded potentials. The non quantized 
field equations of Heisenberg and Pauli can be solved as a sum of two parts 
provided conservation of charge holds. The first part is given by the usual 
retarded potentials in the form of the well known integrals. On account of 
the conservation of charge these integrals cause the coefficient of 1+6«~! to 
disappear and can therefore be calculated as though e€ were —1. It is these 
retarded potentials that determine the interaction between particles. The 
other part of the general solution depends on ¢ and is obtained by solving the 
field equations as though the current s, were 0. In the classical theory this 
part of the solution has nothing to do with the interaction. The disappear- 
ance of € is thus entirely due to the conservation of charge both in the 
quantized and classical field equations. 

In (63) the phase under the cosine is that which would exist for light waves 
of wave-length \,, 


Aw =ch/ | E,—E,| (64) 


corresponding to emissions and absorptions between states s and ¢. 

The correction which we have used in (6) is from this point of view due 
to the second term in the expansion cos x = 1—x?/2 of the phase factor. We 
expect the correction to apply therefore only for small values of rpp-/Age. 
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APPENDIX. DERIVATION OF (45) 
We let y= (xs!!—<x!,) /r*/* and expand as follows: 
COE (p'6) (pra) + (pis!) pra SEY 
éir)(¢u éir) (el 
+(pien OF — r) ND) puigtt) + (putty Le r) (p'é!) 
= ¥ (ails PE aa ee a ee ee ip 


to"oloMo! pl yy)p) =A+B+C+D where using (26) 


A= So Dd (vivip oe + pla ycyi+ pl vevip™ + pi yeyip2) 
tok jul re) 


D aMoi (yeyipit pl! — pl pl yivi+ pd yvevipt! — pl yiyipe) 


B= 
tak, jl ¢ jzl 

C= = > oilo,! (yeyipul pj" - pal pi" viVi— — pi yivip+ bi" yeyide) 
txk, int j,txk 

D= = DL alata Mol (yeyspal pil + pal pl yiy;— pe viyipt! — pl yy ide) 


txk, iat tk, jxl 


On carrying out the differentiations p;'p;"" 


A= Di (Avevibit +2 ply VeVi P+ 2 PU yey; bp +4 pal Di 69; }) 
5=- 2s Mo ™(2{ pit ysys pat +4 pil pe yi; }) 


tix 

C= — Leastos'(2i palvevs Pi +{ pel pit yay}) 

j,tk 
D= Yoloo Mo pp" yiy;} 
txk jx 
Using the value y; = (x;"! —x;')/r/* we have 
XX PiM yy d= Li ple yy;foMo! = Li palpi" yey; fotos! =0 
id i,jzl ; 


j,tsk 


I= —2i[{p"1}xp!|64—2 Dodo piv Sp" 
j,tptk 


D= {(p'6") (pU6!)r- 1y— 2 do; Ig Hy pitty, yi )Di “a 


¢, i+! ijl 


=—2i[{p'r"}xp"|¢é 
2 Dk pitvivi doit +4 pi yey; $i) =2({p"r- }-(p"—p)). 


Substituting these values into A, B, C, D and forming A+B+C+D we get (45). 
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THE SATELLITES OF THE X-RAY LINES 
La, L@; and Lp, 


By F. K. RicHTMYER* AND R. D. RICHTMYER 
DEPARTMENT OF Puysics, CORNELL UNIVERSITY 


(Received July 10, 1929) 


ABSTRACT 


The satellite structure accompanying the x-ray diagram lines La, L§; and Lp, 
has been investigated for the elements Rb(37) to Sn(50). This structure is more 
complex than has heretofore been assumed. Not only is the number of satellites 
greater than previously reported, but a continuous spectrum seems to extend for 
some distance toward shorter wave-lengths beyond the satellites. Tables are given 
showing wave-lengths, values of v/ Rand of Av/R (Av =difference in frequency between 
satellite and parent line) for five (seven for some elements) satellites of La; four of 
LB; and five of L682. The empirical relation previously reported for the Ka satellites 
is found to hold for these L satellites: namely, the square root of the difference in 
frequency between a satellite and its parent line is a linear function of atomic number 
—similar to Moseley’s law for diagram lines. The difficulties of obtaining values of 
the wave-lengths of satellites as accurate as are the measured wave-lengths of the 
corresponding diagram lines, are discussed. It is shown that some of these difficulties 
may be eliminated by obtaining a densitometer curve for the energy distribution 
through the parent line at a voltage just below the excitation voltage of the satellites. 
From measurements on a plate taken at high dispersion it appears that satellites 
may be resolved into fine-structure components. 


-RAY satellites are those comparatively faint lines in x-ray spectra, 

which do not fit the usual energy-level diagram, for which reason these lines 
are frequently called “non-diagram lines.” They were first discovered by 
Siegbahn and Stenstrom! in their studies of the wave-lengths of the K-series 
lines of the elements Na (11) to Zn (30). On the short wave-length side of 
the Ka doublet of Zn (30) a faint line was observed, which became more 
prominent for elements of lower atomic number, split up into a doublet at 
Ca (20) and was followed as far as Na (11). 

Although the literature on x-ray satellites is not extensive, investigations 
since the above observation of Siegbahn and Larsen have shown that many 
x-ray lines have such faint companions, usually on the high-frequency side. 
Thus, satellites are known to accompany Ka, KB, La, LB, LBs, Lyi, Lye,s3 
and Ma. However, there seems to have been no systematic search to prove 
that satellites of other lines do not exist; there is some evidence to indicate 
that there are more satellites accompanying the above-mentioned lines than 
have been heretofore reported; little is known regarding the excitation po- 
tentials of satellites; the range of atomic numbers of the elements emitting 
a given satellite has not. been absolutely fixed; and the current theories of 


* The senior author wishes to express his thanks to the Heckscher Research Council of 
Cornell University for a grant in aid of this research. 
1 Siegbahn and Stenstrom, Phys. Zeits. 17, 48 and 318 (1916). 
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the origin of satellites agree only partially with experimental facts. There 
is need for more complete data on this subject. The present paper? is a 
preliminary report, largely empirical, of measurements of wave-lengths of 
the satellites of certain of the LZ lines: La, L8; and LB». 

The spectrum plates were made with a Siegbahn vacuum spectrometer. 
A calcite crystal was used throughout, except for wave-lengths longer than 
about 5.8A, for which a quartz crystal was used. The voltage applied to the 
x-ray tube varied somewhat from element to element, but was in the neighbor- 
hood of 13 to 15 kv, unidirectional and with a ripple of several percent. 
Exposures necessary to bring out the satellite structure varied from thirty 
minutes to three hours, depending on the nature of the cathode material, the 
lines under investigation, and the permissible tube current. 

The wave-lengths of the satellites of a given diagram (or “parent”) line 
were determined by comparison with the known wave-length of the parent 
line (Siegbahn’s values). This measurement presents some difficulties, if 
precise values of the wave-lengths of the satellites are desired. Either of 
two prodecures may be followed: 

(1) The distance between parent line and satellite on the plate may be 
determined directly by a micrometer microscope. This method is open to 
two sources of error. First, the exposures necessary to bring out the satellite 
structure are so long that the parent line is much over exposed. Not only is 
it difficult to determine its exact center, but, the parent line thus being very 
broad, the satellites lie “in its shadow.” Because of the rapidly varying 
density of the photographic plate in this neighborhood, the eye is subject to 
the well-known errors of psychological contrast in estimating the position 
of maximum density corresponding to the satellite line on which to set the 
cross hair of the microscope. Second, even though this position of maximum 
density on the plate be correctly estimated, such position is not the position 
of maximum intensity of the satellite line, since, as before mentioned, the 
satellite is superimposed on the rapidly varying density at the side of the 
parent line. 

(2) The first of these two sources of error can be eliminated by making 
a densitometer record through the parent line and its satellite structure, 
and from this record the correct positions of maximum density determined. 
Such a record is shown by’ the full curve A of Fig. 1, which is a tracing of 
the original densitometer record for La of Ag (47). (The spectrum plate 
was exposed thirty minutes at 12.0 kv and 16 m. a.). The four satellites, 
La’ to La‘ inclusive, are clearly observable at the left of La; and the dis- 
tance between the maximum of La, and that of each of the satellites may 
be readily determined, although with no very high precision. However, 
such determination is open to the second of the two sources of error mentioned 
above. Since curve A is a composite of parent line plus satellites, the correct 
positions of maximum intensity of the several satellites can be obtained 
only by subtracting from the ordinates of curve A the ordinates of a densito- 


2 A part of this work was done at Uppsala, Sweden, in the laboratory of Professor Siegbahn, 
to whom the authors wish to express their best thanks for the many courtesies extended. 
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meter curve of the parent line La without its satellites. This latter curve 
cannot, of course, be obtained directly. A procedure frequently followed is 
to make an estimate of its shape, and therefrom to determine the desired 
wave-lengths of the satellites. This procedure at best is open to obvious 
objections. 

An alternative, though far from satisfactory, procedure is the following: 
Existing data seem to show that the excitation potentials of satellites are 
some twenty to thirty percent higher than those of the corresponding parent 
lines. Thus the excitation potential of the La lines of Ag (47) is 3.34 kv. 
The satellites of this line should not be produced at 3.8 kv. Accordingly, a 
plate was made of La of Ag (47) at 3.8 kv and a densitometer record of this 
plate is shown as curve B of Fig. 1. No satellite structure is observable, 
although it is to be noted that the curve is unsymmetrical, there being a “foot” 
on the high frequency side of the line where the satellites appear at higher 
voltages. This curve enables one to make a somewhat better guess as to 
the correct shape of the curve for La alone if it could be obtained at 12.0 
kv. Such a curve is shown as the dotted curve C of Fig. 1. Finally one ob- 
tains curve D by subtracting the ordinates of curve C from those of A. 
Curve D gives the satellite structure accompanying the diagram line La. 

It is observed that this satellite structure seems to consist of two parts: 
(1) a kind of continuous spectrum ¢; cz c; upon which are superposed® the 
satellites a’ to a. Even curve D would have to be analyzed into its com- 
ponent parts in order to give unambiguously the position of the respective 
maxima. The procedure here outlined seems to be necessary if one wishes 
to obtain values of the wave-lengths of satellite lines comparable in precision 
with corresponding values for the parent lines. 

However, the number and approximate location of satellites is sufficient 
for many purposes. Accordingly, the data herein recorded were obtained 
from the spectrum plates by direct measurement with a micrometer micro- 
scope. The order of magnitude of the differences between such direct 
measurements with the micrometer microscope and those obtained from a 
densitometer record such as curve A Fig. 1,are indicated in Table I, the second 


TABLE I. Comparison of micrometer microscope with densitometer method of measuring position of 
satellites with reference to the parent line. 

















Distance from La; 
Satelite By micrometer ~ By densitometer Difference, percent 
microscope record 
La;’ 2.01 mm 2.01 mm 0. 
La," 2.77 2.64 4.8 
Le," 3.34 3.16 5.5 
Lea,” 4.64 4.59 1.1 

















? The curves in Fig. 1 should be regarded as diagrammatic, rather than as representing 
accurately to scale the relative intensities of the component spectral parts. 

‘ A very low power microscope—magnification not more than 1.5 X or 2.0 xX—is necessary 
to render the fainter satellites visible. 
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column of which gives (in mm) the distances between La and its first four 
satellites (for Zr (40)). The third column gives similar data determined from 
a densitometer record. From the last column it is seen that these differences 
amount to a few percent. They vary from satellite to satellite, and with the 
density of the spectrum plate. A careful study of this point would yield 
valuable information. 


RGY 





~LENGTH —+ 


Fig. 1. A: Ag La with satellites, at 12,000 volts; B: Ag La at 3,800 volts; C: Estimated 
shape of Ag La without satellites at 12,000 volts; D: Estimated structure of Ag La, at 12,000 
volts. 


RESULTS 


Satellites of La. In Siegbahn’s tables of x-ray spectral lines’ only one 
satellite of La is listed. This line is called by Siegbahn La’, and is recorded 
over the range of elements, As (33) to In (49). However, Siegbahn and Larson® 
later found five satellites of La of Mo (42), with a possible sixth somewhat 
doubtful. Druyvesteyn’ reports five satellites over the range of elements 
Nb (41) to Ag (47). The present authors have found five satellites for each 
of the elements from Rb (37) to In (49). On the plates for some of the elements 
two others, and in the case of one element (Mo (42)) three, are clearly ob- 


TABLE II. Wave-lengths of the satellites of La, in X-units. 


Rb 37 Sr 38 Zr 40 Nb 41 Mo 42 Ru 44 Rh 45 Pd 46 Ag 47 Cd 48 In 49 


Len 7302.7 6847.8 6055.9 5711.3 5394.3 4835.7 4587.8 4356.5 4145.6 3947.8 3763.7 
a’ 7280.8 6827.3 6038.5 5695.4 5380.0 4823.2 4576.2 4345.3 4134.9 3938.0 3754.5 
a’’ 7274.1 6821.4 6032.5 5689.6 5374.0 4818.1 4571.3 4341.2 4130.6 3934.0 3750.9 
a!” 7263.0 6814.3 6026.5 5684.6 5368.9 4812.9 4566.5 4335.9 4125.6 3929.0 3746.2 
ai? 7752.0 6800.7 6015.9 5672.1 5359.8 4804.5 4559.3 4329.1 4119.3 3922.2 3740.0 














a 7241.4 6793.1 6008.4 $667.0 5351.4 4797.2 4551.9 4322.2 4112.5 3915.8 3733.2 
ati 5661.0 5343.6 4788.7 4314.2 3730.1 
avi 5336.6 
avi 5324.0 








5 The Spectrescopy of X-Rays, p. 118. 

6 Siegbahn and Larson, Arkiv fér Matematik, Astronomi och Fysik 18, 1 (1924). 

7 Druyvesteyn, Het Réntgenspectrum van de tweede Soort. Dissertation, Groningen, 
1928. 
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served. It seems probable that carefully chosen exposure-times would show 
at least seven satellites for all these elements. 

Tables II, III and IV give, respectively, the wave-lengths, values of v/R 
and of Av/R for these satellites. (v=frequency; R=Rydberg’s constant; 


TaBLe III. Values of v/R for the satellites of La. 





Rb 37 Sr 38 Zr 40 Nb 41 Mo42 Ru44 Rh 45 Pd 46 Ag 47 Cd 48 In 49 


Lan 124.79 133.07 150.48 159.56 168.93 188.45 198.63 209.08 219.81 230.83 242.12 
a! 125.17 133.47 150.91 160.01 169.39 188.94 199.14 209.62 220.38 231.41 242.72 
a!’ 125.28 133.59 151.06 160.17 169.57 189.14 199.35 209.82 220.61 231.64 242.95 
a’? = 125.47 133.72 151.21 160.31 169.73 189.35 199.56 210.09 220.89 231.93 243.25 
ai? 125.66 133.99 151.48 160.66 170.02 189.67 199.88 210.41 221.22 232.33 243.66 











a’? 125.84 134.14 151.66 160.80 170.29 189.98 200.20 210.75 221.59 232.70 244.00 
avi 160.97 170.53 190.29 211.14 244.30 
ait 170.75 
a@vitt 171.15 








Av = difference in frequence between satellite and parent line). Only those 
lines are recorded for which satisfactory micrometer-microscope settings 
could be made. 

A word about terminology: Following Druyvesteyn and others, there 
seems to be a tendency to indicate satellites by primes (’), double primes (’’), 
etc. The present authors have adopted this system whenever possible. 


TABLE IV. (Av/R) for the satellites of La. Av/R=(v/R)s—(v/R) La; 








Rb 37 Sr 38 Zr 40 Nb 41 Mo 42 Ru 44 Rh 45 Pd 46 Ag 47 Cd 48 In 49 





La’ 0.375 0.400 0.432 0.447 0.464 0.490 0.507 0.542 0.573 0.577 0.598 
a’ 0.490 0.517 0.583 0.609 0.640 0.691 0.721 0.745 0.805 0.810 0.831 
x 0.680 0.654 0.733 0.749 0.803 0.895 0.932 1.010 1.076 1.104 1.134 
at? 0.868 0.920 0.996 1.100 1.090 1.220 1.248 1.334 1.415 1.500 1.540 
a? 1.048 1.066 1.182 1.243 1.355 1.508 1.572 1.668 1.780 1.875 1.975 
art 1.412 1.600 1.84 2.06 
avit 1.82 


qviit 2.22 








(Certain exceptions will be noted below). Accordingly the satellites of La 
are called La’, La’’, La’’”’, Lai®.... This terminology can be at best only 
tentative as is indicated by the data in Table V below. 

La’ is faint. Le’ and La’” are quite strong and have the appearance of 
a doublet. La‘ is about as strong as La’. Beginning with La’ the lines 
become increasingly fainter. 

The satellites of In (49) are not well separated and at Sn (50) the satel- 
lites seem to be replaced by a band showing little or no structure. Whether 
higher resolving power and properly chosen exposures will show that this 
band can be resolved for elements above In (49) remains to be seen. 

That greater detail of structure may be revealed by using higher resolving 
power is clearly indicated by a plate of La of Ag (47) taken with a quartz 
crystal in second order, for which the dispersion, at \=4.15A, is nearly four 
and one half times as great as for a calcite crystal in first order. On this plate 
the more intense satellites, La’’ and La’ are each clearly split up into two 
components. La’ seems to appear complex, with possibly three components. 
And several faint lines appear between La’ and La;. One of these, desig- 
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nated in Table V as La;(a) is not separated from La, but appears as a 
“shoulder” on the latter. Table V shows the wave-lengths of these fine 
structure components as observed with the quartz crystal. 


TABLE V. Fine structure of the satellites of La of Ag (47), as observed with a quartz crystalin second 
order. (Wave-lengths, in X-units). 











ee crystal Calcite crystal 
Line ond order First order* 
Ley (4145 .64) (4145 .64) 
Ley (a) 4142.25 
((b,) 4140.03 
La; 1b} 4139.29 
(bs) 4138.56 
Ley (c) (?) 4136.58 
(a) (4135.41 
Le’ <(b) \Sise os 4134.9 
(c) 4133.90 
1» f(a) 4131.64 
La tis (4130-11 4130.6 
er (a) 4125.84 
La ‘(3 teres 4125.6 
La’® 4119.21 4119.3 














* From Table II, for comparison. 


The difference in frequency between a satellite and its parent line in- 
creases in a regular way with atomic number, as is shown in Fig. 2 (a) in 
which Av/R for the several satellites of La are plotted as ordinates against 
atomic number as abscissa. The resulting straight lines justify the con- 
clusion® that for the satellites of La, the square root of the frequency difference 
between a given satellite and the parent line is a linear function af atomic number. 

Satellites of LB,. Two satellites of L8,; have been previously reported. 
They were called L6, and L6,; by Coster, who measured them for the el- 
ements Rb (37) toSb (51). Thoreaus!’ reports two satellites for the elements 
Cu (29) to Br (35) inclusive, which he calls L$’ and L$” and which are 
identical with Coster’s L8;’ and LB. Druyvesteyn’ calls these lines LB,’ 
and LB,” respectively. On the plates of L$; taken by the present authors 
for the elements Nb (41) to Sn (50) these two lines were clearly visible, and 


TaBLe VI. Wave-lengths of the satellites of LB:,in X-units. 











Nb 41 Mo 42 Ru 44 Rh4S Pd 46 Ag 47 Cd 48 In 49 Sn 50 

1p: 5479.6 5165.8 4611.0 4364.0 4137.3 3926.6 3730.1 3547.8 3377.9 

Bi’ $465.7 5153.5 4600.4 4353.0 4126.8 3915.0 3720.4 3539.5 3369.7 

B,”’ 5451.5 5139.9 4588.5 4343.1 4116.9 3907.1 3712.5 3531.6 3361.5 

B,’"’ 5132.5 4581.6 4335.5 4109.5 3899.6 3703.9 3523.5 3352.6 
Bie 5125.2 4572.2 4327.4 4103.0 3893.5 3696.4 








8 F. K. Richtmyer, Phil. Mag. 6, 64 (1928). 
* Coster, Phil. Mag. 43, 1088 and 1105 (1922). 
1@ Thoreaus, Phil. Mag. 2, 107 (1926). 
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in addition there were two others at still shorter wave-lengths, which we’ 
may designate as Lf,’ and L#,;**. The wave-lengths, values of v/R and of 
Av/R for these four lines are shown in Tables VI, VII and VIII. The plot 


TABLE VII. »v/R for the satellites of LB:. 

















Nb 41 Mo 42 Ru 44 Rh 45 Pd 46 Ag 47 Cd 48 In 49 Sn 50 
1B: 166.30 176.40 197.63 208.82 220.26 232.07 244.30 256.85 269.77 
Bp’ 166.72 176.82 198.08 209.35 220.82 232.76 244.94  -257.45 270.43 
Bp,’ 167.15 177.28 198.59 209.82 221.35 233.23 245.45 258.02 271.09 
—" 177.53 198.89 210.18 221.74 233.67 246.02 258.62 271.59 
Bit” 177.78 199.29 210.57 222.09 234.03 246.51 








TaBLe VIII. Av/R for the satellites of LB. 











Nb41 Mo 42 Ru 44 Rh 45 Pd 46 Ag 47 Cd 48 In 49 Sn 50 

Lp,’ 0.421 0.422 0.455 0.526 0.560 0.688 0.636 0.603 0.655 

a, 0.853 0.883 0.964 0.999 1.086 1.156 1.152 1.174 1.315 

* gd 1.130 1.261 1.363 1.481 1.597 1.715 1.765 1.822 
Bie 1.386 1.663 1.752 1.825 1.959 2.209 











of Av/R as a function of atomic number is shown in Fig. 2 (b). These sat- 
ellites are relatively weaker, compared to L§,, than are the satellites of La 
and are hence more difficult to measure. This may account for the greater 
scattering of the points in Fig. 2 (b) than in Fig. 2 (a). 4 
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Fig. 2. Linear relation between (Av/R)”? and atomic number. 


LB," is the strongest of this group. Next in order of intensity come L8;’ 
and L£,’"’. LB,** is very weak and is difficult to measure, although its ex- 
istence seems to be definitely established. 

A comparison of Figs. 2 (a) and 2 (b) shows that, although the two satellite 
structures are quite dissimilar in general appearance, yet the frequency differ- 
ences between satellites and the respective parent lines are all included within 
the same range of values of Av/R. 
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Satellites of LB... The satellite structure accompanying Lf: is rather 
remarkable. Two prominent satellites have long been known, namely: Lf,’ 
and LB,” (Siegbahn LB; and LB,2). These lines are nearly equal in intensity, 
are sharper than other L-satellites and are separated farther from the parent 
line. Our plates show, in addition to these, three other lines. Close to LA, 
is a very faint, yet fairly well defined line which we have called Lf, (a). 
Between L8,’ and L§,” appears a broad, diffuse line. This is much weaker 
than either LZ,’ or L6,"’ and extends nearly from one to the other. We have 
designated this LB. (b). Beyond L£,” is still another very faint line, LB2(c) 
in our notation. The wave-lengths, values of v/R and of Av/R for these five 
satellites are given in Tables IX, X and XI. Fig. 2 (c) shows the plot of Av/R 
against atomic number. 


TaBLe IX. Wave-lengths of the satellites of LB: in X-units. 











Zr 40 Mo 42 Ru 44 Rh 45 Pd 46 Ag 47 Cd 48 In 49 Sn 50 

LB: 5573.4 4909.2 4361.9 4122.1 3900.7 3693.8 3506.4 3331.2 3167.9 
LB:(a) 4355.9 4116.5 3895 .3 3689.3 3501.0 3325.9 3162.1 
2" $520.2 4864.9 4325.0 4088.0 3869.0 3663.7 3477.3 3304.1 3142.3 
LBx(b) $514.2 4856.1 4318.1 4082.4 3863.2 3658.7 3472.6 3299.7 3138.8 
Lp;"" 5504.8 4850.8 4311.4 4075.6 3857.8 3653.9 3468.2 3296.0 3134.4 
LB:(c) 4843.0 4304.3 4067.9 3850.2 3646.5 3462.2 3290.5 3130.1 








TaBLeE X. Values of v/R for the satellites of LBs. 











Zr 40 Mo 42 Ru 44 Rh 45 Pd 46 Ag 47 Cd 48 In 49 Sn 50 
Ip: 163.50 185.62 208.92 221.07 233.62 246.70 259.89 273.56 287.66 
LBx\a) 209.21 221.37 233.94 247.01 260.29 274.00 288.19 
Lp," 165.06 187.33 210.69 222.90 235.54 248.71 262.04 275.79 289.98 
LB: (b) 165.24 187.62 211.02 223.20 235.87 249.05 262.39 276.15 290.31 
1p,"’ 165.63 187.83 211.34 223.56 236.19 249.37 262.72 276.45 290.70 
LB:(c) 188.13 211.68 223.98 236.65 249.86 263.16 276.90 291.09 











TasBLe XI. Av/R for the satellites of LBs. 








Zr 40 Mo 42 Ru 44 Rh 45 Pd 46 Ag 47 Cd 48 In 49 Sn 50 





LBx(a) 0.289 0.302 0.325 0.307 0.402 0.437 0.530 
Lp;’ 1.562 1.714 1.768 1.830 1.900 2.009 2.154 2.230 2.321 
LBx(b) 1.739 2.00 2.10 2.13 2.25 2.35 2.50 2.59 2.65 

yd 2.13 2.21 2.42 2.49 2.571 2.668 2.829 2.891 3.044 
LBx(c) 2.51 2.76 2.91 3.03 3.16 3.27 3.34 3.43 








It is not the purpose of the present paper to discuss the bearing of these 
data on theories concerning the origin of satellite lines." Indeed it seems 
probable that these theories cannot be advanced much farther until much 
more information is available. Particularly important are such questions 
as the excitation potentials of satellites, their relative intensities, and the 
fine structure which may be revealed by using the highest attainable res- 
olution. Investigations along these lines are in progress in this laboratory. 


1 For a general discussion of this question see F. K. Richtmyer, Franklin Institute, 
Journal, (paper in press). 
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ABSTRACT 


Raman spectra of gaseous CO2, N,O, NH3, CH, and C2H, have been photo- 
graphed using the line \2536 of mercury as the exciting radiation. Vibrational 
transitions have been observed in all the gases investigated, and rotational transitions 
in the cases of NH; and CH,. For the frequency shifts due to the vibrational transi- 
tions, the following numerical values (in cm~) have been found: 


CO,: 1264.5; 1285.1; 1387.7; 1408.4. CH,: 2914.8; 3022.1; 3071.5. 
N,O: 1281.8 C2H¢ 1342.4; 1623.3; 2880.1; 
NH;: 3333.6 3019.3; 3240.3; 3272.3. 


Raman spectra of liquid NH; have been photographed and found to give the 
two frequency shifts: 3298.4 and 3214.5. In the case of gaseous NHs, pure rotational 
transitions lead to a moment of inertia having the value J, =2.79 X10-**. In the case 
of methane, the positive and negative branches of the 3022.1 band lead to the value 
I,=5.17 X10~*. The relations between these data and infra-red absorption data are 
discussed. 


INTRODUCTION 


INCE Raman’s experimental discovery of scattered radiation of modified 

frequency, which was predicted from the hypothesis of light quanta by 
Smekal and from the correspondence principle of Kramers and Heisenberg, a 
great deal of experimental material has been reported, chiefly for complicated 
molecules in the liquid state. In order to obtain data which might be inter- 
pretable in terms of models, it seemed desirable to make measurements on 
some of the simpler polyatomic molecules. It also appeared advantageous to 
study substances in the gaseous state so as to avoid the perturbations arising 
from the mutual interaction of molecules in liquids. This interaction pro- 
duces, for example, a lack of sharpness in the rotational states, so that 
rotational transitions give rise to continuous spectra instead of sharply de- 
fined lines. Moreover, as in the case of ammonia for which data are given 
below, even the vibrational shifts may differ between the liquid and gaseous 
states. : 

Data on Raman spectra of polyatomic gases are very meagre. Ramdas! 
has reported the spectrum given by ethyl ether vapor to be identical with 
that given by the liquid. Rasetti,? has given two vibrational frequencies, 
1284 and 1392 cm, for gaseous carbon dioxide. R. W. Wood,’ working with 


1 Ramdas, Ind. J. of Phys. 3, 131 (1928). 
2 F. Rasetti, Nature 123, 205 (1929). 
3 R. W. Wood, Phil. Mag. 7, 744 (1929). 
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ammonia at atmospheric pressure, has found a Raman shift corresponding 
to the center of the infra-red band at 3.0u. 


APPARATUS AND TECHNIQUE 


In the present work, we have employed the apparatus and the improve- 
ments in technique already developed by one of us‘ for the investigation of 
diatomic gases. One of these improvements consists in the use of gas pres- 
sures up to fifteen atmospheres thus considerably reducing the exposure time. 
An equally important improvement resulted from the use of ultra-violet 
rather than visible light as the primary radiation. The intensity of the 
scattered radiation increases with the frequency of the exciting light, and 
may be expected to increase particularly rapidly when this approaches an 
absorption frequency of the scattering substance.’ On the other hand, an 
exciting radiation of too high frequency would be absorbed. The line 42536 
of mercury provided a convenient and strong source in a spectral region suit- 
able for the investigation of a number of gases. Photochemical and fluores- 
cence effects due to shorter wave-lengths of the mercury arc were eliminated 
by an acetic acid filter. 

A Hilger E2 quartz spectrograph was used. A comparison spectrum from 
an iron arc was recorded on each plate. The frequencies of the Raman lines 
were evaluated by linear interpolation on a frequency scale between iron 
lines not more than 20A apart. All the measured Raman lines were excited 
by A2536; we have taken‘ the frequency of this line as 39411.1 cm 


RESULTS 


Carbon dioxide. This gas was taken from a commercial cylinder. Puri- 
fication was not considered necessary since the spectra which would have 
been given by possible impurities, such as Oo, No and CO were already well 
known. 


The Raman spectrum, which is reproduced in the figure, consisted of a 
very strong unresolved rotational band close to the exciting line, and four 
sharp lines whose frequency shifts and approximate relative intensities are 
given in Table I. 


TABLE I. Frequency shifts for carbon dioxide. 


Av (cm™): 1264.5 1285.1 1387.7 1408 .4 
Intensity: 1 10 15 1 


It may be pointed out that none of these frequencies coincides with any 
of those observed in infra-red absorption by Barker,® and by Schafer and 
Philipps.’ 

Nitrous oxide. The gas used was a product prepared for anaesthetic 
purposes and given as 99.75% pure. 


4 F. Rasetti, Proc. Nat. Acad. Sci. 15, 515 (1929); Phys. Rev. 34, 367 (1929). 
5 F, Rasetti, Proc. Nat. Acad. Sci. 15, 234 (1929). 

® E. F. Barker, Astroph. Journ. 55, 391 (1922). 

7 Schiifer and Philipps, Zeits. f. Physik 36, 641 (1926). 
















584 DICKINSON, DILLON, AND RASETTI 


Only one Raman line was found; this was rather weak but sharp. The 
frequency shift, Av, was 1281.8. An infra-red absorption of this frequency 
would lie at 7.84; we are not aware of data showing any band at this wave- 
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Fig. 1. Raman Spectra of Carbon Dioxide, Ammonia, Methane, and Ethylene excited by the 
line 42536 of mercury; the comparison spectrum is that of the iron arc. 


length. However, the at least approximate agreement of the frequency 
measured by us with the difference between the frequencies corresponding to 
the prominent absorptions given by E. v. Bahr® as occurring at 2.86 and 
4.49u, may be significant. 





8 E. v. Bahr, Verh. D. Phys. Ges. 15, 710 (1913). 
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Ammonia. The gas was taken from a commercial cylinder, and the ex- 
posure tube was filled at a pressure slightly less than that of the saturated 
vapor at room temperature. 

Unresolved fluorescence bands extending from 42700 through the visible 
appeared on the plates; but in the region in which the Raman lines occurred, 
the bands were weak enough not to interfere with the measurements. The 
spectrum is shown in the figure. In addition to a vibrational line corre- 
sponding to Av = 3333.6, rotational lines could be measured on both sides of 
the line 42536. These appear to correspond to a change of +2 in rotational 
quantum number as is shownin Table II. The assumed change in rota- 


TABLE II. Pure rotational Raman lines from gaseous ammonia. 











Transition Av obs. (cm~) Ay calc. (cm™) diff. 
79 —334.8 —334.2 —0.6 
6-8 — 244, .5 —295.5 +0.9 
5-7 — 256.0 —256.5 +0.5 
446 —217.0 —217.4 +0.4 
3-5 —178.7 —178.1 —0.6 
2-4 —138.7 —138.7 0.0 
13 — 99.6 — 99.1 —0.5 
42 +138.2 +138 .7 +0.5 
53 +178.7 +178.1 —0.6 
64 +217.4 +217.4 0.0 








tional quantum number is given in the first column, and the observed values 
of the frequency shifts in the second. The calculated values of the frequency 
shifts given in the third column were obtained from the expression: 
+Av = (Eni2—Em)/he 

in which E,, the energy of the mth rotational state was assumed to be given 
by: 

En/he =9.921(m +43)? —0.00063(m + })* 
This rotational band corresponds to a moment of inertia, Ip =2.792 K10-*. 
This may be compared with the value, 2.77 X 10-*°, obtained by Badger and 
Cartwright® from pure rotational absorption bands, and with the value, 
2.83 X 10-*°, deduced by Stinchcomb and Barker"® from the absorption band 
at 3.0u. These authors give for the frequency of the center of this band 
3337.0, which agrees fairly well with our value 3333.6. 

We have thought it interesting to make an accurate comparison of the 
Raman shifts given by the liquid and gaseous states of ammonia. Liquid 
ammonia was distilled into the heavy walled glass tube in which it was to be 
irradiated, and was sealed up. The exciting radiation was from a mercury 
arc. The spectrum was photographed with a two-prism glass spectrograph 
of aperture f8 and a dispersion of about 100 wave-numbers per mm in the 
blue. The frequencies of the shifted lines were evaluated with an iron arc 


comparison spectrum as with the quartz instrument. The results are given 
in Table III. 


® Badger and Cartwright, Phys. Rev. 33, 692 (1929). 
10 Stinchcomb and Barker, Phys. Rev. 33, 305 (1929). 
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From these results, it appears that liquid ammonia gives two Raman 
shifts, a strong one having Avy = 3298.4 and a somewhat weaker one having 
Av = 3214.5; the disagreement between the frequency shifts in the liquid and 
gas lies well outside of the experimental error. 

Methane. Samples of methane from two different sources were examined. 
The first sample was prepared by heating a mixture of sodium acetate and 
soda-lime. The gas was passed through a solution of KOH and then through 
concentrated H,SO,. It was then condensed to the liquid state from which 
it was evaporated into the apparatus under pressure. 


TABLE III. Raman spectra from liquid ammonia. 











Observed Intensity Exciting Exciting Frequency 
frequency. wave-length frequency shift 
24176.0 weak 3650.15 27388 .4 3212.4 
24088 .8 med. (broad) 3650.15 27388 .4 3299 .6 

(3663 .27) (27290 .5) (3201.7) 
24053 .4 weak 3654 .83 27353 .3 3299.9 
23994 .2 medium 3663 .27 27290 .5 3296.3 
21490 .9 strong 4046.56 24705 .5 3214.6 
21407 .0 very strong 4046.56 24705 .5 3298.5 
19722.8 weak 4358 .34 22938 .1 3216.3 
19638 .8 weak 4358 .34 22938 .1 3299 .3 








The second sample was purified from a natural gas which originally con- 
tained 80% methane. A photograph made before purification showed a strong 
fluorescence which we attributed to heavier hydrocarbons. The treatment of 
the gas consisted in admitting it at about 800 pounds per sq. in. pressure 
into a cylindrical bomb filled with absorbent charcoal previously heated and 
evacuated. While the purified gas was slowly withdrawn from one end of the 
bomb and expanded into the apparatus, the pressure in the bomb was main- 


TABLE IV. Rotation-vibrational Raman lines from methane. 











Transition Av obs. (cm~) Av calc. (em) diff. 
10— 12 3261.2 3261.0 —0.2 
9-11 3241.0 3240.7 —0.3 
8— 10 3220.5 3220.4 : —0.1 
7— 9 3199.8 3199.9 +0.1 
6— 8 3178.4 3179.4 +1.0 
5S 7 3159.0 3158.7 —0.3 
4> 6 3137.2 3138.0 +0.8 
3 5 3117.7 3117.1 —0.6 
6— 4 2901.5 2903 .1 +1.6 
7 5 2881 .3 2881.2 —0.1 
8 6 2859.8 2859.1 —0.7 
9 7 2837 .0 2837 .0 0.0 
10> 8 2814.1 2814.7 +0.6 








tained at 800 pounds by admitting raw gas at the other end. Separate 
experiments have shown this procedure to give methane of about 99% 
purity. The methane so purified showed no fluorescence. 
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The spectra given by the methane from these two sources were identical; 
we believe, therefore, that there is little question that any of the observed 
lines resulted from impurities. The spectrum is shown in the figure. 

Three vibrational Raman lines were found in the spectrum. One of them 
was very strong (relative intensity, 20); it was sharp, and corresponded to 
a shift Avy = 2914.8. One line was rather weak (intensity, 2) with Avy = 3071.5. 
The remaining line was of intermediate strength (intensity, 5); it was rather 
broad and shaded off on the short wave-length side. The frequency shift 
corresponding to its sharp edge was Av = 3022.1. On both sides of this last 
line, a number of weak and approximately equally spaced lines were meas- 
ured. These appear to constitute the positive and negative branches of the 
band of which the line at Avy =3022.1 is the unresolved Q branch. In inter- 
preting this band, a change of +2 in rotational quantum number has again 
been assumed. The results are given in Table IV; in the first column is given 
the change in rotational quantum number m, in the second, the observed 
shift, and in the third, the shift calculated from the following expressions 
for the energy in the normal state and in the excited vibrational state: 

Eo/ he = 5.363(m +4)? 
E,/he = 3022.1+5.313(m+4)? 

For the normal state, a moment of inertia J)>=5.17 X10-*° may be cal- 
culated from these results. The vibrational shift agrees fairly well with the 
value 3019, given by Cooley" for the band at 3.314. The spacing of the lines 
near the center of this band was found by Cooley to be 9.77 cm~, which leads 
to a moment of inertia, J) =5.66X10-*°. Although this is not very far from 
our value, the disagreement seems to be well outside the experimental error. 
The other two vibrational frequencies observed by us do not seem to cor- 
respond to any infra-red absorption. 

It may be remarked that the frequency 2914.8 observed by us, practically 
coincides with the difference between two observed infra-red frequencies, 
4217 and 1304, which Dennison™ assumes to be fundamentals. If this is 
more than a coincidence, Dennison’s choice of fundamental frequencies can 
hardly be correct, because in this case, this very strong Raman line would 
have its origin in molecules thermally excited with an energy corresponding 
to the frequency 1304; this appears highly improbable. 

Ethylene. The gas used was a commercial product prepared for anaesthetic 
purposes, and given as 99.2% pure. 

The scattering by this gas was particularly strong, so that Raman lines 
could be photographed in a few hours. The spectrum is shown in the figure. 
A strong unresolved rotational band appeared close to the exciting line. Six 
shifts were measured and’are given injTable V. 


TABLE V. Frequency shifts for ethylene. 


Av (cm~): 1342.4 1623.3 2880.1 3019.3 3240.3 3272.3 
Intensity: 20 15 3 20 2 1 


1 J. P. Cooley, Astroph. Journ. 62, 73 (1925). 
12 —D. M. Dennison, Astroph. Journ. 62, 84 (1925). 
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No agreement appears to exist between these frequencies and those of the 
centers of the infra-red bands as given by Levin and Meyer.” 


DiIsCUSSON 


One striking fact which appears from these results is that the Raman 
spectra consist Usually of a few sharp lines in contrast with the large number 
of lines observed ‘in infra-red absorption bands. This is observed also in 
diatomic molecules and for these, has been discussed theoretically by Hill 
and Kemble.“ The Q branch of vibrational-rotational bands (generally un- 
resolved) is much stronger in Raman effect than the positive and negative 
branches and is practically always the only one observed, while in infra-red 
absorption spectra the Q branch is absent. The same is apparently true of 
the Raman spectra of polyatomic molecules. Therefore, we believe that the 
isolated, lines generally observed in these spectra must be interpreted as un- 
resolved Q branches, and that they usually give energy differences between 
vibrational levels. 

Another striking fact, already well-known in the case of liquids, is that 
the majority of the Raman shifts do not correspond to vibrational frequencies 
observed in absorption. This is strikingly exemplified by the data on CO, 
where no coincidence is found between the several frequencies observed in 
Raman effect and the large number in absorption. In many cases, this can 
no doubt be attributed to the fact first pointed out by Carrelli, Pringsheim 
and Rosen” that shifts corresponding to inactive frequencies (that is, fre- 
quencies which are not associated with a variable electric moment of the 
molecule, and which, therefore, do not give rise to emission or absorption of 
radiation) can appear in the scattering process. This is due to the fact that 
the occurrence of a transition between two quantum states in the Raman ef- 
fect does not depend on the properties of these states only; but, also, on those 
of all the levels which combine with both of them.’ It also follows that it is 
not possible to account for the occurrence or otherwise of all the transitions 
between vibrational levels without taking into account electronic bands. 
As very little is at present known about electronic bands in polyatomic mole- 
cules, we cannot predict theoretically the intensities of vibrational and rota- 
tional lines in Raman effect. ; 

The question arises as to which frequencies are to be considered funda- 
mental in cases, like that of CO2, where completely different frequencies are 
found in absorption and in Raman effect. It is an experimental fact and 
has been deduced theoretically by Manneback,"* that in diatomic molecules 
shifts corresponding to the harmonics of the fundamental frequency occur 
with very low intensity. This appears to be true for polyatomic molecules 
also. It accordingly seems natural to assume that transitions from the normal 
state to states in which two different vibrations are simultaneously excited 


18 A. Levin and C. F. Meyer, Journ. Opt. Soc. Am. 16, 137 (1928). 

“4 E. L. Hill and E. C. Kemble, Proc. Nat. Acad. Sci. 15, 387 (1929). 

% A. Carrelli, P. Pringsheim and M. Rosen, Zeits. f. Physik 51, 511 (1928). 
16 C, Manneback, Naturwissenschaften 17, 364 (1929). 
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(and have energies corresponding to approximately the sum of the two fre- 
quencies), also have small probabilities. If this is true, and if we assume 
that in the molecules considered, we have no vibration frequencies low enough 
to give an appreciable proportion of molecules in excited states at room 
temperature, then the strong lines observed in Raman effect appear to cor- 
respond to fundamental frequencies. Combination frequencies may occur 
among the weaker Raman lines. It is also possible, althoygh it does not seem 
very likely in the case of the molecules investigated here, that some of the 
Raman lines may be due to electronic transitions arising from a multiple 
structure of the normal electronic level as is the case for some diatomic 
molecules. 
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THE INFLUENCE OF FOREIGN GASES ON THE INTENSITIES OF 
THE MAGNESIUM RESONANCE LINES 4571 AND 2852 


By Joun G. FRAYNE* 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA 


(Received June 29, 1929) 


ABSTRACT 

The Mg line 4571, 3'S—3P,, is very weak in the arc while 2852, 3'S—3}P, is 
very intense. The life of the 3°P, state is calculated to be 4 X 107 sec., while 3'P has 
a life of 3X10~* sec. Collisions of second kind between excited Mg atoms reduce 
intensity of 4571 in the arc. At a vapor pressure of 10-‘ mm, the time between 
collisions of the Mg atoms is 10~* sec. The 4571 line should appear strong at this or 
lower vapor pressures. Vapor from solid Mg metal at 500°C was excited in an evac- 
uated tube by an electrodeless short-wave discharge. The 4571 line appeared in 
the discharge as a fairly prominent line. 

Effect of foreign gases on 4571. The noble gases enhanced this line, the 
intensity relative to the triplet 3838 increasing up to about 20 mm in argon and 10 
mm in neon and helium and then remaining practically constant. At these pressures, 
argon increased the line 100 times, Ne about 70 times, and He about 40 times. Ne 
and CO increased 4571 up to the limit of pressure, about 2 mm, at which the discharge 
could beoperated. H2-caused a slight increase at a pressure of about 2 mm. 

Intensity-pressure curves for noble gases have been reproduced theoretically, 
proving the assumption that excited Mg atoms suffer collisions of the second kind 
with the walls, and that action of a noble gas in enhancing the 4571 line is due entirely 
to the slowing up of diffusion of Mg atoms in 2°P, state to the walls, and to its in- 
efficiency in causing collisions of the second kind with excited Mg atoms. 

Effect of foreign gases on 2852. All gases reduce 2852 and all singlets ter- 
minating on the 3!P level. Increasing pressure of He reduces 2852 faster than the 
singlets. Dissociation of the Hz molecules by Mg atoms in 3!P state reduces radia- 
tion from that state. 


HE Mg line 4571, 3'S—3'P,, is either very weak or entirely absent in 

the ordinary arc in air. On the other hand, the line 2852, 3'S—3!P, is 
exceptionally strong in the arc. 4571 is found in the flame spectrum and King! 
reports it as a fairly strong line in the low-temperature-furnace spectrum. 
Foote and Mohler? have produced it with considerable intensity in a con- 
trolled electron discharge, it being the first line to appear at an accelerating 
potential of 2.7 volts. Since the transition from the 3'S to the 3*P, state 
requires the minimum energy, this line should ordinarily be the strongest 
line in the spectrum. Its anomalous behavior is therefore of interest. The fact 
that it appears fairly strong wherever the excited vapor is of low pressure 
has been explained by Bowen’ on the same basis as his explanation of nebular 
lines that arise from metastable states in nitrogen and oxygen. 


* National Research Fellow. 

1A. S. King, Astrophys. J. 48, 13 (1918). 

2 Foote and Mohler, Phil. Mag. 37, 33 (1919). 
3 Bowen, Proc. Nat. Acad. Sci. 14, 30 (1928). 
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In a recent paper Houston‘ has shown how the transition probabilities of 
singlet and triplet systems may be calculated. From these calculations the 
natural life of an excited state may be determined. In Mg the life of the 3*P, 
state approximates 4X 10~-* sec. whereas the 3'P state has a life of 310-° 
sec. These figures show at once, in accordance with Bowen's theory, that the 
long life of the 3°P, state accounts for the behavior of the 4571 line, collisions 
of the second kind returning most of the excited atoms to the normal state 
when the vapor pressure is sufficiently high. Now if the vapor pressure were 
low enough so that the time between collisions of the excited atoms is of the 
order of magnitude of the free life of the excited state, transition to the nor- 
mal state should more likely give rise to radiation. Kinetic theory con- 
siderations show that at a vapor pressure of 10-* mm, the time between 
collisions of Mg atoms is of the order of 10-* sec. At this or lower vapor 
pressures, the 4571 should be a prominent line. There is one limitation, 
however, to obtaining the full intensity of the line at these low pressures. 
The vapor is confined to a vessel, and since the mean free path of the Mg 
atoms at 10-* mm is several cm, collisions with the walls will be very fre- 
quent. Cario and Franck’ and other observers have suggested that impacts of 
excited atoms with the walls of a discharge tube are collisions of the second 
kind. Recently, Pool® has found direct experimental evidence for this kind of 
impact of excited Hg atoms with the walls of the tube. If, then, we wish to 
obtain the full intensity of the Mg 4571 line at low pressures, we must reduce 
the frequency of collisions with the walls. This can be done, as we shall see 
later, by introducing a noble gas to prevent diffusion to the walls. 

This experiment was primarily undertaken, at the suggestion of Professor 
I. S. Bowen, to compare the intensity of the 4571 line excited at low pressure 
with the intensity of the corresponding line in the arc. This comparison did 
not prove feasible because of the weakness of the line in the arc. A study 
of the variation of intensity of the line with vapor pressure was not under- 
taken on account of the experimental difficulties involved. It is necessary, 
for example, to heat the discharge tube to 500°C or higher to secure enough 
vapor for a discharge. It was decided, therefore, to make a study of the 
line with the vapor at 500°C, and particularly, the effect of foreign gases and 
vapors on it at this temperature. With the technique developed in this work, 
it is hoped to carry on a further investigation of the effect of pressure on the 
line. 


EXPERIMENTAL PROCEDURE 


A short-wave oscillator supplied the energy for an electrodeless discharge 
in the Mg vapor at 500°C. According to International Critical Table data, 
the vapor pressure at this temperature is approximately 10-‘ mm. A short 
stick of carefully scraped Mg metal was inserted in a tube 30 cm long, and 
4 cm diameter. The presence of vapor from this stick was always indicated 


4 Houston, Phys. Rev. 33, 297 (1929). 


5 Cario and Franck, Zeits. f. Physik 37, 619 (1926). 
6 M. L. Pool, Phys. Rev. 33, 22, (1929). 



















592 JOHN G. FRAYNE 


by the appearance of a brilliant green glow which filled the entire tube. A 
quartz window was sealed to the Pyrex tube by a graded seal. The spectra 
were photographed on a E-1 Hilger spectrograph. Intensity measurements 
were made in the manner described by Frayne and Montgomery.’ 


EXPERIMENTAL RESULTS 


Hydrogen. With hydrogen in the tube, it was possible to excite a dis- 
charge only between pressures of about 2 mm and 10-*mm. The Mg combined 
with the H, to form MgH». This made it necessary to pass in He through a 
capillary during the excitation of the discharge. The intensity of the 4571 
line relative to the triplet 3838 increased slightly with pressure. 

Carbon monoxide. CQO apparently had an oxidizing effect on the Mg 
vapor, as it was difficult to keep the discharge going. This gas caused a 
decided increase in the 4571 line. 

Nitrogen. Ne was studied between 2 and 10-? mm, no discharge being 
possible above 2 mm. The 4571 line showed a strong increase at 2 mm, 
while the 2852 line showed a decided decrease. The singlet series also showed 
a falling off in intensity at the higher Ne pressures. 


2852 
3838 
4571 





Fig. 1. Spectrum of Mg vapor in presence of foreign gases. 


Argon. The argon used in this work was not entirely free from nitrogen 
and oxygen. It was partly purified by operating the discharge in it for a 
couple of hours. The 4571 line shows an increase at 1 mm, see Fig. 1, and 
increases rapidly with pressure up to 10 or 20 millimeters. The intensity 
seems to remain practically constant at higher pressures. The 2852 line 
as well as all the singlet lines diminish rapidly with pressure. 

Neon. Neon behaves similarly to argon. It was very pure and no diff- 
culty was encountered in getting a strong discharge at a pressure of 200 mm. 
The 4571 line is again enhanced, reaching its saturation value at 10 mm or 
lower. The increase is not as great as in the case of argon. The diminution 
of the 2852 line is not very pronounced. 

Helium. The helium used in this work was very pure. Its behavior is 
quite similar to neon. 

All the noble gases, argon particularly, diminished the intensity of the 
singlet series. With an argon pressure of 6 cm, the singlets only appear as 
very faint lines, and the 2852 line has become so reduced in intensity that 


7 Frayne and Montgomery, Phys. Rev. 33, 549 (1929). 
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it is actually weaker on the plate than 4571. This is remarkable when one 
considers the intensities of these two lines in the arc. The results of observa- 


















100) 
( Argon 
® Neon 
80 @ Ne - 
« Helium 
> * Mg 
® 60 
c 
) 
~ 
A 
40) 
20) 
ee) : ned 
QM 01 0.1 ! 10 100mm 


lob pressure 
Oo 


Fig. 2. Relation of intensity of Mg 4571 line to the pressure of foreign gas. 


tions on the 4571 line are shown in Fig. 2 and those on the 2852 line are 
shown in Fig. 3. 
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Fig. 3. Relation of intensity of Mg 2852 line to the pressure of foreign gas. 


DISCUSSION OF RESULTs ON 4571. 


The curves of Fig. 2 show clearly that of all the permanent gases studied, 
H2 alone fails to cause any appreciable increase in the intensity of the 4571 
line. Figure 3, however, shows that all the gases bring about a quenching 
of the 2852 resonance line. The behavior of the 4571 line may be explained 
as follows. The Mg vapor pressure in the discharge was about 10-* mm 
and at this low pressure collisions of the second kind of the excited Mg atoms 
with the walls are very frequent. The introduction of any gas wil slow up 
diffusion to the walls, thus diminishing collision with the walls and increasing 
the possibilities of radiation from the excited 3*P, state. Since the velocity 
of diffusion varies inversely as the pressure, one would expect the intensity 
of the line to increase with pressure up to a certain point above which the 
intensity of the line should remain constant, if there were no collisions of 
the second kind between the excited Mg atoms and the gas. On the other 
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hand, the line should show a decrease of intensity if such collisions take place. 
In this research, it was only possible to attain the “saturation” value of 
the 4571 line with noble gases in the tube. It was not possible to excite any 
discharge with Neo, He, or CO above a few mm, and consequently, the con- 
ditions for obtaining the maximum value of the 4571 line could not be attained. 
Now Stuart® has found that the noble gases are very inefficient in effecting 
collisions of the second kind with excited atoms. In this research, a slight 
decrease in intensity of the 4571 line was found in argon above 40 mm, 
while the intensity appeared to remain constant above 1 cm for neon and 
helium. This suggests that Ne impurities are responsible for the slight de- 
crease in argon. Of course, the accuracy of measurement in this type of 
work is not sufficiently great to detect a small decline in the intensity. The 
fact that H; has little effect on 4571 is probably due to collisions of the second 
kind between H: molecules and the excited Mg atoms. These collisions offset 
the effect of reduced diffusion to the walls. 


MATHEMATICAL THEORY 


The curves in Fig. 2 lend themselves readily to mathematical analysis. 
Let us consider the tube containing Mg excited atoms distributed across 
any cross section. We will assume, as above, that these excited atoms 
undergo collisions of the second kind with the walls of the tube. We will 
further assume that collisions between Mg excited atoms may be neglected 
at a pressure of 10-* mm and that there are no collisions of the second kind 
with the foreign gas present in the tube. 

The equation for the steady state in the tube is: 


. k as )=0 
—< a_ — nN = 
dr? r dr ities 





where n is the number of excited Mg atoms per cc at a point distant r from 
the center; & the diffusion coefficient; c the rate at which the excited atoms 
are being produced; 7 = the transition probability of the excited atoms. The 
boundary condition is that at the periphery of the tube m shall be zero. On 
making the substitutions y=c—rTn and x=(r/k)'?r=ar, the equation 
reduces to 

d*y 1 dy 


dx? x dx 


a solution of this equation is: 








nm ( x? x4 x6 \ 
yaanl tot ee pag S 
C aot a’r? = qtr4 a6 
< rari e Pe Pee 


® Stuart, Zeits. f. Physik 32, 262 (1925). 
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If we now let n=0 when r=R, we may evaluate a» and we have 
a?(R?—r?) at(R*—r*) a®(R*—r') 
C 22 22.42 22.42.62 
a?R? atR* a®R® 


I+ 22 aw 22.42.62 











Now the intensity of the 4571 line will be proportional to the number of 
atoms in a cross-section of the tube, the number being given by 


R 
v=2e [ rndr. 
0 


If we multiply the right hand side of Eq. (1) by 2zr dr, and integrate 
term by term with respect to 7, we will have an expression that will be pro- 
portional to the intensity of the 4571 line for the given experimental conditions. 


We obtain 
fa? R44 at Reé aé 3R8 


mon aandin ncmmndfveninammnanes 

22 4 22-42 3 22-42-67? 8 
a®R? atR* of Ré 

1+ 

| 22 =22.42 2?.42.6? 











N =2nc/r: 














| 
) 


Since c is unknown we need only evaluate the expression inside the brackets. 
If we let R=2 cm, we obtain the following values 


a=0.01 0.1 1 10 0.100 
N«0.01 0.094 0.606 1.52 1.93 
p =0.0155 0.155 1.55 15.5 155 


Now a?=1/k and f is the reciprocal of the natural life of the excited state 
or T=0.25 X 10°. The constant & is rather uncertain as it really is the diffusion 
constant for excited Mg atoms in a foreign gas atmosphere. We may assume, 
however, that & is Ac/3 and for argon under standard conditions this has 
the value 0.112. When c, the mean molecular velocity, and A, the mean 
free path, are corrected for the temperature of 500°C used in the experiment, 
dX and hence the pressure p may be determined for any of the values of a? 
listed above. When the values of N are plotted against log p, we obtain the 
broken curve shown in Fig. 2. The scale chosen for N is quite abitrary, but 
it will be noticed that the curve as drawn is in general agreement with the 
experimental curves. While the slope of the curve at 1 mm pressure is more 
nearly like that of neon, than argon, its saturation value is reached around 
50 mm which is in fair agreement with the experimental curve for argon. 
The argon used in this experiment was not very pure and this may account 
in part for the discrepancy between experimental and theoretical curves. 
There is also considerable error in experimental values of the intensities. 
The remarkably close agreement, however, indicates that the life of the Mg 
2°P, state must be very nearly 4X10-* sec. If the value were reduced to 
2X10-*, the saturation value would occur about 25 mm which would agree 
very well with experimental data. 
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This remarkably close fit of the theoretical and experimental curves un- 
doubtedly proves that the general conditions proposed to explain the curves 
of Fig. 2 are correct. Jt proves that collisions of excited metastable atoms 
with the walls are collisions of the second kind, and furthermore, proves without 
any doubt that the action of a noble gas particularly argon or neon, in en- 
hancing lines from metastable states, is one of reducing diffusion to the walls. 
Finally, the life of the Mg 2°P, state is proved to be approximately 4 X 10-* sec. 


DISCUSSION OF RESULTs ON 2852. 


It has already been pointed out that the intensity of the 2852 line di- 
minishes with pressure of the foreign gas. Neon and He show the least di- 
minution over the pressure range. Argon and Nz have a very pronounced 
effect while H. appears to cause the greatest diminution. The same conditions 
that reduce 2852 also diminish the singlet lines terminating on the 3!P state. 
Referred to the triplet line 3838, the 2852 line is diminished to the same 
extent as the singlet lines. He, however, is an exception. Here, the 2852 
line shows a diminution of one-thirtieth in the pressure range that reduces 
the singlets only one fifth. This quenching of the 2852 line must be similar 
to the quenching of Hg resonance radiation found by Wood, Cario!® and 
Stuart. The quenching action of He is attributed to the action of the excited 
Hg atom in dissociating the Hz molecule. Since the Mg 3!P state has an 
energy of 4.4 equivalent volts, an atom in that state can readily dissociate 
the Hz molecule. Mg atoms would then return to the normal state without 
radiation. This process should in no way involve the intensity of the 4571 
line. 

In the case of gases other than He, the diminution of the singlet lines and 
the 2852 line cannot be explained as any result of collisions of the second 
kind. The life of the 3'P state is one millionth that of the 3*P; state and 
collisions of the second kind should be far more effective for the state with 
the longer life. We have already seen, in the case of the noble gases, that colli- 
sions of the second kind are ineffective with the 3°P, state, and, accordingly, 
we can hardly expect them to account for the decrease observed in the in- 
tensity of the singlet members. Since the intensities of these singlets are 
measured with reference to a triplet, it would seem that the higher pressures 
favor the triplet series rather than the singlets. Similar effects were found 
by Frayne and Montgomery’ in Hg vapor in which increased vapor pres- 
sure reduced all the singlets relative to the triplets. Professor Ornstein" has 
recently offered an explanation of this differentiation between singlet and 
triplet lines at high pressures. It appears that higher pressure of the emitting 
vapor or a foreign gas give similar results. 

In conclusion the author desires to thank Professor I. S. Bowen for his 
many suggestions and advice in interpreting the experimental results. He 
also wishes to thank Dr. W. V. Houston for assistance in the mathematical 
work and Dr. M. Muscat for assistance in the experimental work. 


®*R. W. Wood, Phys. Zeits. 13, 353 (1912) and numerous later papers. 


10 G. Cario, Zeits. f. Physik 10, 185 (1922). 
u L.S. Ornstein. Zeits. f. Physik 51, 34(1928). 
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NEW TERMS IN THE SPECTRA OF At I, Ga I, AND IN I 


By WiLuiaM D. LANSING 
UNIVERSITY OF ILLINOIS 


(Received June 15, 1929) 


ABSTRACT 


The spectra of Al, Ga, and In were investigated in a tungsten vacuum furnace. Lines 
arising from the term sp? 2D were discovered in Al I. A ?P —*P combination was found in In I 
from previous data. 


URNACE spectra offer a very useful means of classifying spectra due 

to neutral atoms. Temperature excitation is perhaps preferable to electron 
bombardment because of the large amount of energy involved, requiring 
only short exposures. The excitation may be varied by changing the tem- 
perature, and in addition absorption lines aid in the identification of low 
terms. 

The spectrum of aluminum in the furnace has been investigated by 
Frayne and Smith! and by Sur and Majumdar.’ Since they list only absorp- 
tion lines and do not agree even on that, it was thought desirable to repeat 
the work. 

The furnace was a tungsten strip furnace described by Paton and Rass- 
weiler.? The under-water spark of copper was used as the continuous source. 
At a temperature of 1400°C the first two members of the sharp and diffuse 
series were absorbed. Higher members of these series were out of the range 
studied. At 1500°C the first members of the sharp series (3961 and 
3944A), which are the resonance lines, were emitted. At 1800°C the sharp 
and diffuse series were emitted, and in addition two lines at 3057.16 and 
3050.08A. At about 2200°C the following unclassified lines were emitted. 


TaBLe I. Unclassified lines of Al. Tungsten strip furnace at 2200°C. 














Int. ALA. v (vac.) 








Int. ALA. v (vac.) 
6 3066.16 32604 .6 10 3057 .16 32700 .6 
4 3064 .31 32624.1 3 3054 .69 32727.1 
0- 3060 .56 32664 .3 8 3050 .08 32776.5 
2 3060 .00 32670 .3 








These lines are all due to Al I. At 1800°C no known lines of Al II were 
radiated, and at 2200°C only those lines of Al II belonging to transitions 
between low terms were observed, and these were weak. 

The furnace spectra of gallium and indium were also tried. Absorption 
of the first few members of the sharp and diffuse series of Ga were observed. 
No emission of Ga and only very faint emission of the resonance lines of 


1 Frayne and Smith, Phys. Rev. 27, 23 (1926). 
2 Sur and Majumdar, Phil. Mag. 1, 451 (1926). 
* Paton and Rassweiler, Phys. Rev. 33, 16 (1929). 


597 











598 WILLIAM D. LANSING 


In was observed. This was probably due to the rapid escape of the heated 
vapor from the furnace. 

Frayne and Jarvis* have observed five unclassified lines excited in indium 
vapor by 6.9v electrons. These lines are obviously low-excitation lines, since 
they come out with the lines due to low terms. 

These lines in Al and In are undoubtedly due to transitions between low 
terms in the atom. The only low terms having sufficient energy and not al- 
ready discovered are the b*P, b?D, b?S, and 6?P terms arising from the sp? 
configuration. In Al I the bP terms are known,' and the irregular doublet 
law predicts that the lines aP —bS should lie about 1950A.*° The separations 
of the lines are not right for the a2P—}b*P combination. Three of the lines 
seem to form a diffuse doublet, and the irregular doublet law confirms the 
classification which is given below. 


TABLE II. Classification of three Al I lines. 











Int. ALA. v (vac.) Av Classification 
0 3060 . 56 32664.3 a*P,—B'D, 
10 3057 . 16 32700.6 i a?P,—bD; 
8 3050.08 32776.5 _ a*P,—B°D, 








The five indium lines come from the }‘P terms, as shown in the table 
below. The wave-lengths and intensities are taken from Exner and Haschek 
and corrected to I. A. 


TABLE III. Classification of five In lines. 














bP, b'P, b'Ps 
a*P, 2858.19 (1) 2775.36 (1) — 
34976 .9 1043.8 36020 .7 
2212.2 2212.7 
a’P, 3051.19 (1) 2957.02 (2R) 2836.90 (3R) 
32764 .7 1043 .3 33808 .0 1431.4 35239 .4 








A strong unclassified line due to In I at 2306.07A probably belongs to one of 
the other terms coming from the configuration sp*. No such terms of Ga I 
have yet been observed An unclassified line at 3020A given by. Exner and 
Haschek may come from one of these terms. It is expected that the work 
on Ga and In will be continued using a tube furnace to prevent escape of 
the metallic vapor. 

The author wishes to take this opportunity to express his acknowledge- 
ment to Professor A. P. Carman for the facilities placed at his disposal, and 
to Professor R. F. Paton for the help and encouragement given during the 
course of this investigation: 

‘ Frayne and Jarvis, Phys. Rev. 29, 673 (1927). 

5 Bowen and Millikan, Phys. Rev. 26, 150 (1925). 

* Selwyn (Phys. Soc. London 41, 402 (1929)) has discovered a pair of lines in the arc be- 


tween Al electrodes in nitrogen with wave-lengths 1936.45 and 1932.25. This pair has the 
separation 112 of Al I exactly, and he rightly attributes it to the aP —bS combination. 
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(Received June 24, 1929) 


ABSTRACT 


The infra-red absorption of four organic nitrates has been studied in the region 
from 1.0to 7.54. The liquids used are methy] nitrate, ethy] nitrate, propyl nitrate and 
butyl nitrate. Two absorption bands at 1.40u and 2.96, are attributed either to an 
OH linkage or water. All other bahds are attributed to the carbon-hydrogen linkage 
and as an additional CH; group is introduced, two characteristics appear, namely, the 
intensity of all bands decreases and a shift of from 0.01 to 0.06u to longer wave- 
length occurs. Nocharacteristic absorption spectra of the NO; group have been found 
to exist in the organic nitrates. Previous workers have found that the carbon- 
hydrogen linkage gives regions of intense absorption at about 3.43, 6.86, 8 to 10 and 
12 to 18. In the present work an intense band was observed at 6.7 but the observa- 
tions were not carried past 7.54 and the other two fundamental frequencies were not 
observed. However, from observed bands there has been calculated four regions of 
intense absorption, which are assumed to be the fundamental frequencies and all other 
bands observed are attributed to a combination or overtones of these fundamentals. 
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RGANIC liquids which contain carbon and hydrogen have been found 
to have many similarities in their infra-red absorption bands and some 


success has been had in identifying the bands as due to certain groups of 
atoms within the molecule. A good idea of the energy changes which give 
rise to the absorption spectra has been obtained in methane from the ex- 
perimental work of Cooley! and the theoretical work of Dennison.* Easley, 
Fenner and Spence’ have studied the halogen derivatives of methane and 
have found the effects produced by the substitution of the halogens for 
hydrogen. The present investigation was undertaken to see what modifica- 
tions are produced in the infra-red absorption bands of the methyl, ethyl, 
propyl and butyl groups by having a nitrate ion used instead of a single atom. 
Also, it is of interest to note the absorption spectrum of the nitrate ion in or- 
ganic compounds so that it may be compared with the absorption spectrum 


of the nitrate ion in inorganic compounds. 








EXPERIMENTAL PROCEDURE 


A Hilger infra-red spectrometer with a quartz prism was used from 1 to 


2.6u, the slit including about 0.024. The readings were taken at intervals of 
0.02 but the individual points are not shown on the curve to avoid crowding. 
The absorption cell was made by separating two pieces of glass with lead or 


1 Cooley, Astrophys. J. 62, 73 (1925). 
2 Dennison, Astrophys. J. 62, 84 (1925). 
3 Easley, Fenner and Spence, Astrophys. J. 67, 185 (1928). 


599 





600 E. K. PLYLER AND P. J. STEELE 


lead foil. In this way cells of the necessary thickness could be obtained. 
From 2.6u to 7.54 a rock-salt prism was used, the effective slit width being 
about 0.074 at 6.5u. Microscope cover glasses were used for the windows 
of the cells from 2.6 to 4.54 and then rock salt, cut and polished, was used 
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Fig. 1. The infra-red absorption spectra of methyl, ethyl, propyl and butyl nitrates from 
1.1 to 2.5u. The thickness of cells used: 15 mm from 1 to 1.54; 0.5mm from 1.5 to 2.2y; 0.3 
mm from 2.2 to 2.5u. 


from 4.5 to 7.5u. No correction was made for the loss of intensity at the 
windows; this usually amounted to about 10 or 15 percent. In some cases 
it was found necessary to seal the windows on to the lead or foil and Le 
Page’s glue was used for this purpose. Some cells were made with the glue and 
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Fig. 2. The infra-red absorption spectra of methyl, ethyl, propyl and buty! nitrates from 
2.5 to 7.5u. The thickness of cells used: 0.12 mm from 2.5 to 5.54; 0.03 mm from 5.5 to 7.5u. 


some without it, but no difference greater than would be expected due to ob- 
servational errors was found between the two types of cells. 

The organic liquids for this work were prepared by standard methods in 
the chemical laboratory of the University of North Carolina. The liquids 
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were dried over an excess of calcium nitrate until the vapor pressure of the 
liquid became equal to the vapor pressure of the drying agent. This was 
done to render the liquids water free. The liquids prepared for this study are 
methyl nitrate, ethyl nitrate, propyl nitrate and butyl nitrate. 


RESULTS AND DISCUSSION 


A complete curve for each liquid is given in Fig. 1 and in Fig. 2. Since 
the bands cannot be located from these curves with accuracy on account 
of the small scale used, a list of all bands observed is given in Table I. 


TABLE I. List of all observed absorption bands between 1 and 7.5. 














Methyl! Nitrate Ethyl Nitrate Propyl Nitrate Butyl Nitrate 
1.16. 1.184 1.184 1.20u 
1.40 1.40 1.40 1.42 
1.64 1.64 1.68 1.70 
1.86 1.86 2.06 2.06 
2.02 2.02 2.28 2.30 
2.24 2.26 2.40 2.44 
2.36 2.38 2.58 2.58 
2.48 2.54 3.02 3.02 
2.96 3.02 4.30 4.28 
4.12 4.34 6.04 5.92 
4.30 6.04 6.70 6.10 
6.02 6.70 7.06 6.70 
6.74 7.06 6.88 

7.12 








By comparing the curves certain characteristics are seen. The intensity 
of the bands decrease as the CHe group is introduced between the CH; and 
NO; groups. The first band, which occurs at 1.16, 1.18 and 1.20 in the 
methyl, ethyl, propyl and butyl nitrates, respectively, has a percent trans- 
mission of 60 in the methyl, 50 in the ethyl, 45 in the propyl, and 35 in the 
butyl. The other intense bands, except those at 1.40u and 2.96u, decrease 
similarly in percent transmission as the complexity of the molecule is in- 
creased, although there is no uniformity in the amount of decrease. There 
is a very noticeable tendency of the bands to shift to longer wave-lengths 
as a CHe group is introduced. The first band observed in this work at 1.16u 
in methyl nitrate shifts to 1.184 in the ethyl and propyl nitrates and to 1.20u 
in the butyl nitrate. This shift to longer wave-lengths occurs in the bands at 
1.16, 1.64, 2.24, 2.36, 2.48 and 4.30u in the methyl nitrate and corresponding 
bands in the other liquids. 

The bands at 1.42u and 2.96u show very little change in intensity or in 
position for the different nitrates. This probably shows that these bands are 
produced in a different way from the characteristic bands of the CH linkage‘ 
which have just been noted. At first it was thought that these bands were 
produced by the nitrate ion. By the work of Schaefer and Schubert® the 


4 In accordance with the custom of other observers some bands are attributed to energy 
changes of certain groups of atoms in the molecules (such as CH linkage). However, it is 
more accurate to consider each band as produced by an energy change of the molecule as a 
whole rather than by certain groups of atoms within the molecule. 

5 Schaefer and Schubert, Ann. d. Physik 577 (1918). 
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fundamentals of the bands of nitrate ion are about 7.3u, 13.744 and 15.58u. 
We would expect to find overtones and combination bands in the near 
infra-red region. Since no bands of much intensity were observed between 
3.5u and 5.5u, it must be concluded that the bands at 1.42y and 2.96 are 
not higher overtones or combination bands including overtones which may 
be attributed to the nitrate ion. 

These bands may be attributed to a rearrangement within the molecule 
so that a hydrogen atom becomes associated with one of the oxygen atoms 
of the nitrate ion. This change within the molecule does take place in the 
NOsz group and if present in nitrate ion would probably cause all the nitrate 
bands to be modified. If this re- arrangement takes place, there would be 
characteristic OH bands as found in alcohol. These bands occur for the 
alcohols at about 1.57 and 3.06yu. 

The bands at 1.424 and 2.96u may also be due to a small amount of water 
left in the liquid when it was made or taken up by it from the air. From 
the work of Collins® the water bands in this region occur at 1.44y, 1.954 and 
3.00u for room temperature and Coblentz’ has measured the water bands in 
the longer wave-length region to be at 4.75 and 6.00u. In all the liquids an 
intense band was found at 6.00u. There is considerable doubt as to what 
causes these bands may be attributed, but from their position in the spectrum 
and intensity t does not seem probable that they are produced by the CH 
linkage or the nitrate group. 

It is remarkable that no bands which are very intense may be attributed 
to the nitrate ion. Only in the region from 7y to 7.54 are found bands which 
correspond to the inorganic nitrates. The intensity of these bands are much 
sma ler than for the inorganic nitrates and it may be that these bands are 
not due to the nitrate ion but to the CH linkage. A 20 percent solution in 
water of potassium, calcium, lead and lithium nitrates in each case showed 
very intense bands with maxima of absorption occurring between 7.15 to 
7.4u for the different solutions. Pringsheim*® has been able to get strong 
Raman lines which indicate a band at about 7.2y for the nitrates in a solution 
of water. 

It is evident that the nitrate ion in organic compounds does not produce 
bands at all similar to the nitrate ion in inorganic compounds. This difference 
in the two types of compounds is probably due to the influence of the CH 
group on the nitrate ion in the organic compounds. 

An attempt has been made to classify the bands which may be attributed 
to the CH linkage. E lis® made a study of a number of compounds and found 
that all the near infra-red bands of CH compounds could be attributed to 
overtones of the fundamental at 6.444. Barnes and Fulwei'er,!® and later 


® Collins, Phys. Rev. 26, 771 (4925). 

7 Coblentz, Investigations of Infra-Red Spectra, Part 3, Page 17. 
8 Pringsheim, Zeits. f. Physik 50, 741 (1928). 

® Ellis, Phys. Rev. 27, 298 (1926). 

10 Barnes and Fulweiler, Jour. Am. Chem. Soc. 49, 2034 (1927). 
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Ellis," showed that the band at 3.284 must be an overtone. Easley, Fenner 
and Spence® found that it was necessary to assume four fundamental fre- 
quencies in order to account for the bands observed by them in the halogen 
derivatives of methane. One of the writers has shown that all organic liquids, 


TABLE II. Combinations of the intense observed bands. 











Methyl Ethyl Propyl Butyl Nitrate Combinations 
obs. obs. obs. obs. 
1.16. 1.18, , 1.18, 1.20u 3 
1.64 1.64 1.68 1.70 2” 
1.86 1.86 Vitvetrs 
2.06 2.02 2.06 2.06 vitvstrs 
2.24 2.26 2.28 2.30 vite 
2.36 2.38 2.40 2.44 vitvs 
2.48 2.54 2.58 2.58 vit 
6.74 6.70 6.70 6.70 V2 











containing carbon and hydrogen, which have been measured thus far have 
a system of bands in near infra-red with many similar characteristics. It was 
shown that if four fundamentals are assumed for the carbon-hydrogen com- 
pounds, all the more intense bands in the near infra-red can be arranged in a 
similar series by attributing the bands to the overtones and combinations of 
the fundamentals. In addition to this series there occurs in some compounds 
another series of bands which may be attributed to other groups within the 
molecule, such as an OH group. In Table II the close similarity between 
the different nitrates studied is readily seen. Due to the great intensity of the 
band at 3.00u, the fundamental at about 3.35, v1, scarcely appears. 

The fundamental at 6.70u, v2, has been observed in the four compounds 
and the position is almost the same for each one, but the complexity of this 
band increases as each CH, group is added. 

Three intense bands have been observed at 2.24, 2.36 and 2.48y in 
methyl nitrate and corresponding bands in the other nitrates. By com- 
parison with the absorption bands of benzene and other organic liquids con- 
taining only carbon and hydrogen, these bands are attributed to the com- 
binations ¥1 +72, »1 +3, and v; +4, where v3 denotes the fundamental which 
has a wave-length from 8 to 12u, and », the fundamental from 12 to 18. 

The wave-length of », may be calculated from the two overtones observed 
at 1.164 and 1.64y for methyl nitrate and at corresponding positions for the 
other nitrates. Since only one of the fundamental bands has been observed 
in the experimental work, it was found that most of the observed bands must 
be considered also as calculated values in order to find the wave-length of 
the fundamentals. For this reason only the observed bands are given in Table 
II and the combination is assigned by analogy to the absorption spectra of 
other organic compounds. These combinations will be discussed more fully 
in a future paper which will treat of various types of absorption bands found 
in organic liquids. 


4 Ellis, Phys. Rev. 31, 310 (1928). 
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ABSTRACT 


The infra-red absorption bands of hydrogen sulphide in the regions of 4.2, 5.6, 
and 8.0u were investigated by means of a prism-grating spectrometer. A narrow, 
intense absorption band was observed at 4.24, but could not be resolved. The 5.6u 
band observed by Coblentz was not found. Evidence is presented to show that the 
band observed by Coblentz might have been due to an impurity. Thirty-four lines 
of the band in the region of 8.0u were observed. 


HE analysis of the fine structure of the infra-red absorption bands of 

gases in connection with its bearing on molecular structure has been 
very satisfactory in the case of the diatomic gases. For triatomic molecules, 
however, the spectra observed have usually been too complex to permit 
analysis of the fine structure. Water vapor has been extensively studied 
but without yielding very satisfactory results. With the resolving power of 
the present instruments, good resolution can be obtained only for those 
molecules which have small moments of inertia, i.e., those molecules which 
contain only one atom heavier than hydrogen. 

The purpose of the present investigation was to study the fine structure 
of the infra-red spectrum of hydrogen sulphide in the hope that it might 
yield a fine structure more readily analyzed than that of water vapor or, in 
any case, that it would furnish additional data for the study of triatomic 
molecules. 

Coblentz,! using a low dispersion prism spectrometer, found weak ab- 
sorption bands for hydrogen sulphide at 4.24, 5.60, 7.12, 7.78, 8.46, 9.65, 
10.08, 10.7, and 11.0 microns. The author has investigated a considerable 
portion of this region with a high dispersion grating spectrometer. No fine 
structure was obtained in the case of the 4.2 micron band, but 34 lines were 
observed in the region of 8 microns. 


APPARATUS 


The apparatus was an auto-collimating, prism-grating spectrometer very 
similar in design to that used by Sleator and others at the University of 
Michigan.? Radiation from the source was focused on the slit of the double 
spectrometer by a mirror of 20 cm focal length. The absorption cell was 
placed immediately ahead of this slit. The prism spectrometer produced a 
spectrum which was brought to a focus on the slit of the grating spectrometer. 


1 Coblentz, “Infra-Red Spectra.” (Washington, 1905). 
2 Sleator, Astrophys. J. 48, 125 (1918). 


604 








INFRA-RED SPECTRUM OF H:S 605 


After dispersion by the grating, the radiation was focused on an adjustable 
slit behind which was placed the receiving thermopile. The focal length of the 
mirrors of the spectrometer was 40 cm. 

The double spectrometer was inclosed in a wood case which was sealed 
to the table top with paraffin. The top portion of the case could be swung out 
of the way when adjustments were being made. The edges of the top and 
base which came in contact were lined with felt weather-strips to make a 
fairly tight joint. The source S was mounted in a separate case together 
with the first mirror and the absorption cell. The joints of this case were also 
sealed with paraffin and the case was sealed directly to the spectrometer case, 
the only opening between the two being the first slit. The top was re- 
movable. 

The apparatus was thus protected from air currents and rapid fluctuations 
of temperature. The air in the case was partially dried by means of calcium 
chloride and sulphuric acid to protect the rock-salt prism and the rock-salt 
windows of the absorption cell. A quantity of potassium hydroxide was 
placed in the case to absorb any hydrogen sulphide which might escape from 
the absorption cell. 

The source of radiation was a d.c. Nernst glower. The glowers used were 
rated at 0.8 and 1.2 amperes but were operated on a considerably lower cur- 
rent as it was found that this increased the life of the glower without mate- 
rially decreasing the energy available in the regions under investigation. 
The glower was surrounded by a water jacket which absorbed most of the 
heat liberated by the glower. 

The prism was a thirty degree rock-salt prism mounted on a table es- 
pecially constructed for this purpose in these laboratories. A plane mirror 
was mounted directly behind the prism so as to reflect the light back through 
the prism at an angle not far from minimum deviation.” 

The gratings. The gratings were ruled at the University of Michigan 
by Dr. Barker and were made available through the kindness of Professor 
H. M. Randall. They were of the echelette type ruled with 2880 lines to the 
inch. Two gratings were used, one of which concentrated energy in the region 
from 3.5 to 6.0 microns; the other from 5.0 to 9.0. These are later referred 
to as gratings A10 and A6 respectively. 

The gratings were mounted on a spectrometer table the scale of which 
could be read to one minute intervals by means of a vernier. A slow motion 
screw on the grating circle was calibrated so that settings could be made by 
measuring the angle through which the screw had been turned, the circle 
being used only for reference. This method gave consistent results and 
permitted setting at smaller intervals. The circle was read by means of a 
telescope mounted outside the case. 

The thermopile and galvanometer. The thermopile was a Coblentz 14- 
junction, Bi-Ag linear thermopile, of 9.6 ohms resistance, mounted directly 
behind an adjustable slit which was calibrated so that the slit width could 
be read from a micrometer screw. The surface of the receivers was 13 mm by 
1 mm which was sufficient to collect all the energy falling on the slit for a slit 








606 A. H. ROLLEFSON 


width of 0.5 mm or less but did not utilize the full amount of energy for a 1 
mm slit. The thermopile was enclosed in a brass case with limiting diaphragms 
in front and mounted on a heavy tripod. The case was surrounded by a 
wood box filled with cotton for better thermal insulation. 

The current from the thermopile was measured by means of an iron-clad, 
astatic galvanometer with a resistance of 4.5 ohms. While the galvanometer 
usually had to be adjusted at the beginning of each run, no difficulty was 
found in securing a sensitivity of 1x 10-'° amperes per millimeter deflection 
with a lamp and scale at a distance of two meters. Occasional difficulty 
was experienced with a pronounced shift of the zero position of the gal- 
vanometer upon closing the circuit through the thermopile. As this shift 
varied considerably in magnitude, it was attributed to a thermal e.m.f. 
some place in the circuit. This e.m.f. was compensated for by impressing an 
opposing e.m.f. on the circuit so as to bring the galvanometer back ap- 
proximately to its position on open circuit. 

The absorption cells. Two absorption cells were used, one with mica 
windows and the other with rock-salt windows. The mica cell was a brass 
tube 5” by 2.5” with the ends cut at an angle of sixty degrees with the axis 
of the tube to eliminate interference effects due to the thin mica windows.® 
The mica windows were mounted with a wax made of beeswax and resin and 
the inside of the cell was coated with paraffin to prevent the action of the 
hydrogen sulphide on the brass walls. The cell was provided with a side tube 
at either end for introducing the gas to be investigated. Compensating 
windows of mica were mounted on a support attached to the cell and the 
cell was mounted so that either the cell or the compensating windows could 
be swung into the path of the light. Each window and its corresponding 
compensating window were cut from the same piece of mica which had 
been tested between crossed nicols to insure uniformity of thickness.* 

The rock-salt cell was constructed in a similar manner except that the 
ends were normal to the axis of the cell. This cell was 6” long and 2” in 
diameter. The rock-salt windows were plates about 3/16” thick split from 
a crystal of rock salt, ground flat on sandpaper and emery cloth, and polished 
with rouge and water on a block of pitch made of turpentine and resin. 

The hydrogen sulphide was generated in a Kipp generator using calcium 
sulphide and dilute hydrochloric acid. The gas was washed by bubbling it 
through water and dried by passing it over calcium chloride and phosphorus 
pentoxide. The cell was filled by flushing it for a short time with the gas, 
the effluent being absorbed by a solution of sodium hydroxide. 


ADJUSTMENTS AND METHOD OF TAKING DATA 


All adjustments were made by means of visible light. The zero position 
of the grating was determined by taking an energy curve with the grating 
turning through the zero position and finding the position of maximum en- 
ergy. Grating A10 was calibrated by measuring five absorption lines of 


‘Meyer and Bronk, Astrophys. J. 59, 252 (1924). 
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HCl and using the wave-lengths given by Colby and Meyer.‘ A check was 
made by taking an energy curve to show the absorption of the atmospheric 
CO; in the path of the light and comparing the results with those obtained 
by Barker.’ Grating A6 was calibrated by measuring the absorption of 
atmospheric CO, and comparing the curve with that obtained with grating 
A10. The grating constant was found to be the same for both gratings, 
K =17.612 microns. 

The wave-length of the radiation falling on the thermopile is given by® 


\=K sin @ (1) 


where @ is the angle through which the grating has been turned from its zero 
position, and K is the grating constant. We may calculate the range of wave- 
lengths included in the slit by means of the. formulae :’ 


d\=K cos 6d, d0=d/2f (2) 


where @ is the grating angle as above, d@ is the change in the grating angle 
to move the center of the image of the slit across the thermopile slit, f is 
the focal length of the mirror, d is the slit width, and K is the spectrometer 
constant. 

Observations were taken by setting the prism and grating at known posi- 
tions and observing the deflections of the galvanometer with the absorption 
cell alternately in and out. Several readings were taken at each point. The 
absorption was taken as the ratio of the difference between the readings of 
the galvanometer with the cell in and the cell out to the deflection with the 
cell out. In measuring the absorption in a particular region, the grating 
was set at a definite angle which was read on the grating circle by means of 
the short focus telescope mounted outside the case. The grating angle was 
then changed by means of ‘ 
the micrometer screw pre- . Otome 
viously mentioned. 2380 2322 2274 

The correction for slit 
width is small and does not 
need to be considered in this 
type of work. The readings 
were reduced tothe same tem- 
perature, 20°C. No correc- 
tion was made for the dif- 
ference in absorption between 
the cell windows and the 
compensating windows be- 





So 

S 
T 

4 


yu 
o 
T 

2 


Absorption (percent) 


iL i i 











cause this difference was 4.10 4.20 a ane 4.40 
ve-ie 

small and would not affect stn \p 

the frequencies of the absorp- Fig. 1. 4.2m band. 


4 Colby and Meyer, Astrophys. J. 53, 302 (1921). 
5 Barker, Astrophys. J. 55, 391 (1922). 
6 Sleator, Astrophys. J. 48, 125 (1918). 
7 Imes, Astrophys. J. 50, 251 (1919). 
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tion lines. We are interested in the frequencies rather than in the 
absolute absorption. 


RESULTS 


4.2 micron band. The absorption in this region is shown in Fig. 1. The 
entire curve was gone over at least twice with } mm slits. Portions of the 
curve were investigated with } mm slits but no indication of fine structure 
was obtained. For this region, the mica cell was used. A few check points 
were taken later with the rock-salt cell and were found to agree very well. 

5.6 micron region. The region from 4.83 to 6.48 microns was investigated 
for absorption with 0.5 mm slits but no indication of absorption was found. 
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Fig. 2. Preliminary run. 


In order to facilitate rapid exploration, observations were taken by watching 
the galvanometer reading as the cell was moved alternately in and out. If 
no change was observed, this was taken as an indication that there was no 
absorption. At the end of one of the runs, the absorption in the 4.2 micron 
region was checked in the same manner and a maximum absorption of about 
90 percent was found, indicating that the cell was well filled with hydrogen 
sulphide. . 

Coblentz! gives an absorption band at 5.6 microns with a maximum 
absorption of 17 percent as compared with 21 percent in the case of the 4.2 
micron band. With our narrower slit, we should have expected to find a re- 
gion of very strong absorption, at least 50 percent, if this band is a real hy- 
drogen sulphide band. Coblentz shows an absorption band for SO; in this 
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region which is almost identical with that which he gives for H2S,—and it is 
the only band which shows any similarity. In the case of SOs, he gives two 
curves, one for ordinary SO, and the other for the same gas when purified 
by fractional liquefaction and distillation. The two curves practically 
coincide except for a marked change in the intensity of the 5.6 micron band. 
It is quite possible, therefore, that the 5.6 micron band which he observed 
may have been due to an impurity which was present in both cases. 
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Fig. 3. Final run. 


8.0 micron region. The results for this region are shown in Fig. 2, Fig. 3 
and Table I. The entire region from 6.89 to 8.78 microns was covered in a 
preliminary survey taking readings at intervals of 0.027 microns. The por- 


TABLE I. Observed lines. 8.0 micron region. 











L (u) 





Line No. Wave-No. Line No. L(x) Wave-No. 
(waves/cm) (waves/cm) 
1 6.885 1453.4 15 7.994 1250.9 
2a 7.000 1428.6 16 8.026 1245.9 
2b 7.040 1420.5 16b 8.058 1241.0 
3 7.115 1405.5 17 8.088 1236.4 
4a 7.180 1392.8 18 8.126 1230.6 
4b 7.235 1382.2 19 8.150 1227.0 
5 7.335 1363 .3 20 8.175 1223.2 
6 7.402 1351.0 21 8.208 1218.3 
7 7.480 1336.9 21b 8.232 1214.7 
8 7.607 1314.6 22 8.276 1208 .3 
9 7.671 1303 .6 23 8.325 1201.2 
10 7.739 1292.2 24a 8.360 1196.2 
11 7.785 1284.5 24b 8.410 1189.1 
12 7.835 1276.3 25 8.527 1172.7 
13 7.893 1266.9 26 8.594 1163 .6 
13b 7.916 1263.3 27a 8.71 1148.1 
14 7.963 1255.8 27b 8.78 1139.0 














tion from 7.3 to 8.35 microns was covered by a more careful survey with 
readings taken at intervals of 0.009 microns, a small portion (from 8.35 to 
8.15 microns) being taken at intervals of 0.0045 microns. 
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As the available energy in this region was small, it was necessary to work 
with 1 mm slits, but in spite of this handicap a considerable amount of fine 
structure was obtained. Unfavorable weather conditions combined with 
lack of time prevented the duplication of the entire curve. It was possible, 
however, to duplicate portions of the curve and the results were of such a 
nature that the author feels confident that the remainder of the curve cannot 
be in error to any great extent. The energy available on the long wave-length 
side of the curve was small and this difficulty, combined with those men- 
tioned above, precluded the extension of the curve to longer wave-lengths. 
On the short wave-length side, the absorption of the water vapor in the air 
became troublesome and it was not considered feasible to carry the ob- 
servations further into this region under existing conditions. 

The wave-lengths and wave-numbers of 34 lines observed in this region 
are given in Table I. Good agreement is found between the preliminary 
and final curves in every case except for the two lines designated as 6 and 
18 respectively. It is hoped that these data may aid in the development of 
the theoretical interpretation of the band structure for triatomic molecules. 

In conclusion, the author wishes to express his appreciation to Dr. C. E. 
Mendenhall for his advice and encouragement throughout the investigation 
and to Dr. L. R. Ingersoll for his assistance in the last part of the experi- 
mental work. 
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By S. S. MACKEOWN 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA, CALIFORNIA 


(Received March 14, 1929) 


ABSTRACT 


By making the assumption that the total cathode drop occurs in a distance less 
than one mean free path from the cathode, Poisson’s equation can be solved. If the 
experimental values of 4000 amperes per square centimeter, and 10 volts are used for 
the current density at the cathode, and the cathode drop in a mercury arc, values for 
the electric field existing at the surface of the cathode can be determined for varying 
percentages of the current carried by positive ions. If5%of the current at the cathode 
is carried by positive ions, the field existing at the surface of the cathode exceeds 5 X 10° 
volts per cm. This is probably sufficient to furnish the necessary electron current by 
“field” currents produced by this high field. The whole cathode drop occurs within a 
distance of approximately 2X10-* ceatimeters, so that the original assumption is 
justified. 


N ARC is differentiated from a glow discharge primarily by the current 

density at the cathode and the magnitude of the cathode drop. In a glow 
discharge the current density at the cathode is normally a small fraction of 
an ampere per square centimeter, and the cathode drop is usually greater 
than 100 volts. In an arc, on the other hand, the current density at that 
portion of the cathode which is carrying current, is of the order of hundreds 
or thousands of amperes per square centimeter and the cathode drop is of the 
order of 10 volts. From these facts it can readily be concluded that in the 
case of a glow discharge most of the current at the cathode is carried by 
positive ions and only a small percentage by free electrons leaving the 
cathode. On the other hand in the arc the current is carried primarily by free 
electrons leaving the cathode and a smaller amount by the positive ions 
striking the cathode. 

In the case of an arc, in which the cathode is not a heated filament, the 
free electrons have generally been thought of as thermions emitted by the 
cathode “hot spot.”' Recently, however, Langmuir? has suggested that the 
positive space charge, causing the cathode drop, may exert a strong enough 
electric field at the surface of the cathode to cause a large “field” current from 
the cathode, even though the latter may be too cool to emit thermions. 
Compton‘ has developed this idea further and from energy considerations 
believes that in the mercury arc the electrons emanating from the cathode 
are due primarily to a high electric field and not to thermal emission. The 
purpose of the present analyses is to show that such a theory is consistent 
with such data as are available. 


1 Compton, Phys. Rev. 32, 492 (1928). 
2 Langmuir, G. E. Rev. 26, 735 (1923); Science 58, 290 (1923). 
3K. T. Compton, Jour. A. I. E. E. 46, 1192 (1927). 
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The electric field existing at the surface of the cathode, for any given cur- 
rent density of electrons and positive ions, and for a given cathode drop can 
be determined by using Poisson’s equation. If distance and potential differ- 
ence are measured from the boundary of the cathode drop farthest from the 
cathode, then Poisson’s equation gives 


a’V P P (2 -) (1) 
dx? nail “ v & 


where j and 7 are the current density carried by the positive ions and elec- 
trons respectively, and v and uw are the velocities of the positive ions and 
electrons. We will assume now that the whole cathode drop occurs within 
one mean free path. This assumption will be found to be consistent with the 
results obtained from the solution of this equation. Then both j and 7 are 
constant and independent of x. Moreover the velocities v, and u, are given 
within the cathode drop by the following equations: 


4Mv?=Ve imu? =(V.—V)e (2), (3) 


where M is the mass of the positive ion, m, the mass of the electron and V, is 
the potential of the cathode. Substituting in Eq. (1) the values of v, and u 
from equations (2) and (3) we obtain 


ad?V M \}/2 m 1/2 
a ao | ® 
dx? 2Ve 2(V.—V)e 


This can readily be integrated once and gives 


rE (—) 16 (=) +("S ~)" (~=)" (5) 
=(|—]} = | Gwen —_—_— —? S 
dx ae 2e 2e Je f 


when the boundary condition, that 0V/0éx =E=0 when x=0, is assumed. 
This expression does not integrate into a simple function and it is simpler and 
better to proceed with a graphical integration. Equation (5) can be re- 
written as 








E?=7.57X105{ j(1845WV)!/2—i[(V.)'/2-(V.—V)"/2]} (6) 


where E is measured in volts per cm, j and 7 in amperes per cm’, V and V, in 
volts, and W is the ordinary atomic weight of the positive ion. 
The value of the electric field at the cathode is given by 


E2=7.57X105(V.)"/2{ j(1845W)/2—i}. (7) 


This equation will serve to determine the field existing at the cathode pro- 
vided the values of the cathode drop (V.), the density of the positive ion 
current reaching the cathode (7) and the density of the electron current from 
the cathode (z), are known. 

For the case of the mercury arc no reliable data are available to determine 
the values of j and 7, accurately. The cathode drop V,, lies close to 10 volts.‘ 


‘ Killian, Phys. Rev. 31, 1122 (1928). 








CATHODE DROP IN ELECTRIC ARC 613 


The current density at the cathode (i+) is given as 4000 amperes per square 
centimeter.’ Using these values we can calculate E, for varying ratios of 
jtoz. This has been done and the results plotted in Fig. 1. This curve shows 
that for values of 7 =0.057 the field at the cathode exceeds 5 X 10° volts per 
centimeter and for 7 = 0.307 this field exceeds 1.3 X 10° volts per centimeter. 
There are no data available for the electric field necessary to produce an 
electron current of 4000 amperes per square centimeter from a mercury 
surface. In this laboratory it has been found that the field at which current 
begins to appear from a tungsten wire in a vacuum is variable, being very 
much lower for the case of a surface contaminated by impurities than for a 
clean surface that has been “conditioned.” Moreover the current increases 
extremely rapidly as the field is increased beyond that necessary to produce 
the first perceptible current. Since mercury has a lower work function than 
tungsten, it is probable that an electron current could be produced by a lower 
field in the case of mercury than in the case of tungsten. Since the surface of 
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the mercury is covered with impurities it is reasonable to suppose that a 
field of the order of 510° volts per centimeter is sufficient to produce an 
electron current of 4000 amperes per centimeter square. It is probable that 
the ratio of 7 to i does not stay constant at the cathode but may vary, 
increasing as the surface of the cathode becomes “conditioned,” and thus 
producing a larger field. The fact that the cathode spot moves so rapidly 
about the surface of the mercury may be explained by the fact that the sur- 
face acting as cathode is quickly conditioned by the discharge and that the 
spot moves to a neighboring position where the mercury surface is con- 
taminated by impurities, and where electrons can be extracted more readily 
by the electric field. Not only does the cathode spot move rapidly over the 
surface of the mercury but the mercury surface is depressed. Very probably 
the electrons come from the irregular edge of this crater which then is im- 
mediately depressed, due to the vapor pressure of the mercury which is 
heated by the bombardment of positive ions at the cathode spot. This would 


§ Giintherschulze, Zeits. f. Physik 11, 74 (1922). 
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also account for the rapid movement of the cathode spot, since the electrons 
always come from the edge of the crater, which is then depressed by the 
increased vapor pressure at that point. 

Equation (5) has been solved graphically on the assumption that 
j=0.05%. This graphical solution gives both the potential V and the electric 
field E as a function of the distance from the cathode. In Fig. 2 both the 
electric field and the potential, measured now from the surface of the cathode 
have been plotted against the distance from the surface of the cathode. It is 
seen that practically the whole cathode drop occurs within less than 3X 10- 
centimeters from the surface of the cathode. As this distance is less than the 
mean free path of a mercury molecule at the temperature generally existing 
in the mercury arc, the original assumption is justified. 

If it is assumed that a field as great as 1.3X10° volts per centimeter is 
necessary to produce an electron “field” current of 4000 amperes per square 
centimeter, then j = 0.302 and the cathode drop will occur within a distance of 
10-5 centimeters from the surface of the cathode. 
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It should be noted that the assumption has been made that the density 
of electricity p is continuous. This is not true when we consider distances as 
small as 10-* centimeters. Poisson’s equation however may be used if p is 
considered as a time average of the density of electricity. Actually the field 
existing at the surface of the cathode will be greater than that calculated due 
to the fact that p is not continuous. 

Probably in most electric arcs, even in air, electrons are pulled from the 
surface of the cathode by the high electric field existing there. In certain 
cases, as for instance in the carbon or tungsten arc, the temperature of the 
cathode spot is high enough so that probably thermions contributed also to 
the “field” currents produced by the high electric field existing at the cathode. 

In conclusion it may be stated that if five percent of the current reaching 
the cathode of a mercury arc, is carried by positive ions, there must exist at 
the surface of the cathode an electric field of approximately 5 X 10° volts per 
centimeter. It is believed that this field is adequate to produce the electron 
current necessary for the maintenance of the arc. 
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THE DIELECTRIC CONSTANTS OF ARGON AND NEON 


By A. B. BRYAN 
DEPARTMENT OF Puysics, RICE INSTITUTE 


(Received July 3, 1929) 


ABSTRACT 


The heterodyne beat method has been used to measure at room temperatures the 
dielectric constants of argon and neon relative to air. The value for air is assumed 
to be 1.000589 and the values found for argon and neon are 1.000574 and 1.000148 
respectively, for normal temperature and pressure. Simultaneous refractive index 
measurements agree with previous determinations and indicate that the gases contain 
no appreciable impurities. An oscillator employing a shield grid tube is described 
for which the frequency is very little affected by changes in the various battery 
voltages. 


APPARATUS 


HE heterodyne beat method has been used to measure the dielectric 

constants of argon and neon. The apparatus is a modification of that 
used in a previous work.! Two radio frequency oscillators are used, a 1651 
ke crystal controlled oscillator of an ordinary type and the special shield 
grid oscillator shown in Fig. 1. The frequency of the beat note between these 
two oscillators is compared with that of an electrically driven tuning fork 
as in the previous work. Capacity changes caused by changing the gas pres- 
sure in the test condenser C are compensated by changing the capacity of 
condenser Cc, thus maintaining a constant frequency as indicated by a con- 
stant beat note. The condensers C and Cc and the arrangement for varying 
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Fig. 1. Shield grid oscillator. 


the gas pressure are the same as previously used. However, the test condenser 
has been dismantled and reassembled and its capacity is apparently now 
larger than before. A Jamin refractometer has been attached to the apparatus 
to permit refractive index measurements which are useful as an indication 
of the purity of the gases. 

The oscillator shown in Fig. 1 has proven satisfactory in that its frequency 
is quite constant and very little influenced by changes in the various battery 
voltages. A type SP122 tube is used with voltages 3.3, —1.5, 45 and 135 


1 A. B. Bryan and I. C. Sanders, Phys. Rev. 32, 302 (1928). 
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volts on the filament, control grid, shield grid and plate respectively. The 
grid circuit coil has 11 turns of No. 14 bare copper wound on 4 inch paper 
tubing and spaced about 0.75 cm. It is made in two sections the distance 
between which may be varied for rough adjustment of the frequency. The 
plate circuit coil has 19 turns of the same wire spaced 0.3 cm and is 5.5 
inches in diameter. It is supported outside of and coaxially with the grid 
circuit coil. The feed back condenser C’ is a small variable air condenser 
having seven semicircular plates 3 cm in diameter, spaced about 0.17 cm. 
No shielding is used, the adjustments of Cc being made from a distance by 
suitable means. 

The following results show the effect of various factors on the oscillator 
frequency. Increasing the filament voltage by 10 percent produces a fre- 
quency decrease of about 0.5 cycle per second. Decreasing it by the same 
amount causes a frequency increase of 1.1 cycles per second. Increasing or 
decreasing the shield grid voltage by 10 percent increases or decreases the 
frequency by 26 cycles per second. Increasing or decreasing the plate voltage 
by 10 percent increases or decreases the frequency by 2.8 cycles per second. 
Increasing the setting of C’ from one third to one half maximum decreases 
the frequency by 1200 cycles per second and incidentally raises the d.c. 
plate current from 1.37 to 1.68 milliamperes. 

The frequency normally decreases steadily at the rate of about 1.3 cycles 
per second in one minute and Cc must be decreased by 0.005 divisions per 
minute to hold it constant. This drift is probably caused principally by the 
slow rise in room temperature which always occurs while measurements are 
being made. 


RESULTS 


The experimental results are shown in Table I. As in the previous work 
the readings have been taken in a way which eliminates the slow steady 
frequency drift and have been made on various parts of the scale of Cc. The 
second column shows the absolute temperature, the third the change in pres- 
sure of the gas in. the test condenser and the fourth the resulting capacity 
change in divisions on Cc. The last column gives the capacity change fora 
pressure change of one atmosphere and a tempreature of 0°C, obtained from 
5C, on the assumption that the effect is directly proportional to the pressure 
change and inversely to the absolute temperature. The measurements on 
air are made to calibrate the apparatus, the previously found value K 
= 1.000589 for air being used. Since K—1 is proportional to 6C we have 
for argon K—1=0.000589 (1.949/2.001) =0.000574 and for neon K—1 
=0.000589 (0.5026/2.001) = 0.000148. 

Dry carbon dioxide free air was used. The argon and neon were purchased 
in liter flasks and were supposed to be specially purified. No additional 
purification was attempted except drying over P2O;. Refractive index measure- 
ments made after the gas was in the apparatus give 0.000292, 0.000282 and 
0.0000663 as the values of m—1 for air, argon and neon, respectively, sodium 
light being used. The first two are in good agreement with previous deter- 
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minations.? The value for neon seems to be about one percent low and may 
indicate a slight helium impurity but the difference is probably within the 
range of experimental error. 

The only previous dielectric constant measurement on either argon or 
neon seems to be that of Braunmiihl® on argon. He also uses the heterodyne 
beat method and his value 1.000571 is in as good agreement with the above as 


TABLE I. Change in capacity of test condenser as pressure of gas is changed. 











Gas T 6P 5C, 6C 
Air 297.1 53.32 1.293 2.006 
= 297 .3 53.38 1.288 1.997 
Argon 296.8 53.25 1.265 1.963 
. 297.1 43.47 1.027 1.954 
ss 297 .3 43.48 1.025 1.951 
. 297.5 52.85 1.235 1.935 
. 296.4 52.32 1.235 1.948 
“ 297 .0 44 .06 1.035 1.942 
mean 1.949 
Neon 299.1 51.59 0.315 0.5084 
. 299.4 51.63 0.310 0.5006 
. 299 .9 52.75 0.317 0.5017 
e 300.0 52.77 0.315 0.4986 
“ 299.1 53.76 0.323 0.5003 
“ 299.1 53.86 0.325 0.5025 
. 299 .4 53.91 0.322 0.4978 
- 299 .6 48.56 0.293 0.5033 
. 299.8 48.58 0.297 0.5103 
mean 0.5026 
Air 299 .2 53.60 1.287 2.000 
= 299 .4 53.61 1.287 2.001 
. 299.7 51.07 1.225 2.001 
" 299 .9 51.11 1.225 2.001 
mean 2.001 








could be expected, especially since it is based on the somewhat uncertain 
value 1.000547 for oxygen. The gases were purchased from Air Reduction 
Sales Company, 342 Madison Avenue, New York, who state that the argon 
was as pure as is commercially practicable but probably contained a very 
small fraction of one percent of nitrogen, the actual quantity being too small 
to be determined by analysis. They also state that the neon contained less 
than one percent of helium and that no other impurities were present in either 
of the gases. 


2 Landolt-Bérnstein Tabellen. 
3H. J. v. Braunmihl, Phys. Zeits. 28, 141 (1927). 





AUGUST 15, 1929 PHYSICAL REVIEW VOLUME 34 


THE RECOMBINATION OF IONS AND OF IONS 
AND ELECTRONS IN GASES 


By Lauriston C. MARSHALL 
PHYSICAL LABORATORY, UNIVERSITY OF CALIFORNIA, BERKELEY 
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ABSTRACT 


Coefficient of recombination of ions, produced by x-rays, as function of x-ray 
exposure time, initial ion concentration and time of recombination.—The present 
work constitutes a study of the recombination of ions and of ions and electrons in 
gases, by means of a new direct method, using constant radiation from a Coolidge 
x-ray tube as the ionizing agent, together with a rotating commutator shutter. This 
method permits wide limits of independent variation of: (1) x-ray exposure (¢’); (2) 
initial ion concentration (mo); (3) time of recombination (#). Results in air show that 
a, previously assumed constant and equal to 1.6X10~ actually varies as a function 
of #’ and of ¢. It is high, 4X10-* or more, for small values of the above quantities 
and drops rapidly to nearly a constant value. a is also found to be a function of mo. 
These facts can only be explained on the assumption that the iors are not initially uni- 
formly distributed, but are in pairs along the paths of the x-rays. This leads to 
fictitiously high calculated values of a corresponding to low apparent values of m and 
n, erroneously computed on the assumption of random distribution. As ?’, and with 
it m and also #, increase, a approaches a constant value between 0.8 and 0.9X10~*, 
which is probably nearly the true value. This result lends strong support to the theory 
of Thomson that the process of diffusion plays the major role in the initial stages of the 
mechanism of recombination; i.e. in bringing ions together. 

Coefficient of recombination in argon: mechanism of recombination, formation 
of negative ions by electron attachment to impurities.—In argon, where electrons 
remain free for appreciable intervals, a is nearly constant. For the same time intervals 
it has only about half the value found in argon-oxygen mixtures, where the electrons 
attach rapidly, or the value found in dry air. On the basis of the kinetic theory a would 
be expected to be the same in argon as in air. The constancy of a with ¢ and ?#’ is due 
to the rapid achievement of random distribution when free electrons are present. The 
value of @ indicates that the coefficient of recombination for electrons and positive 
ions is less than for positive and negative ions. This conclusion isin agreement with the 
results of Kenty on recombination between electrons and positive ions in argon. 
Consequently a, as observed in pure argon, is not a true measure of the recombination 
of positive and negative ions, but serves as an indication of the rate of negative ion 
formation through the attachment of electrons to impurities present. 


INTRODUCTION 


TTEMPTS at formulating an adequate theory of recombination of 

positive and negative ions, in gases near atmospheric pressure, and of 

ions and free electrons in these gases under similar conditions, have in re- 

cent years met with considerable difficulty owing to inadequate information 
on the following points: 

1. Whether the fundamental mechanism of ion recombination may be 

ascribed: (a) to the attractive forces between the ions according to the 


618 











RECOMBINATION OF IONS 619 


treatment of Langevin;! or (b) to the random heat motions as provided in 
the more recently published theory of J. J. Thomson.? 

2. Whether one may state with assurance that the coefficient of recom- 
bination, designated henceforth as a, is constant with time as assumed in pre- 
vious investigations, or if it does vary, why it does so. 

3. The unknown role of free electrons in recombination; for electrons 
have, in the last ten years, been shown to remain free for appreciable periods 
of time in many gases, even at high pressure. 

It seemed essential, therefore, to undertake measurements which might 
help to clarify these questions especially in relation to the third point, evi- 
ence for which had been claimed by Riimelin as a result of a study of the 
recombination of ions within short time intervals after ionization. A direct 
method of study of recombination, following ionization by x-rays, was sug- 
gested to the writer by Professor L. B. Loeb. This seemed capable of greater 
flexibility and control than the previous methods used, due to the develop- 
ment of modern x-ray technique. After two years’ time the elaborate equip- 
ment required to carry on measurements under satisfactory conditions was 
assembled and the results obtained this year appear to have entirely ful- 
filled the expectations. It is the purpose of this paper to describe the method 
and the preliminary results obtained. 


METHOD OF MEASUREMENT 


Reference to the accompanying diagram (Fig. 1) will make the following 
description more clear. The development of the Coolidge x-ray tube, supplied 
with a constant high-potential direct current, has made the production of 
constant x-radiation possible for long intervals of time. The intensity may 
be determined, over a wide range, by the variation of either current through 
the tube or applied voltage, or both. Provision is made to vary the duration 
of the ionizing flash of x-rays, in a chamber, by means of a sector, variable 
from 0° to 90°, cut out of a solid brass disk, rotating at any desired speed. 
The same shaft carries a commutating mechanism, which may be adjusted 
relative to the sector. Thus the ions may be swept from the ionized volume 
at any time after the x-ray flash has ceased. The x-rays are limited by means 
of a series of square slits of large aperture, and directed in a nearly parallel 
beam into the ionization chamber, through a thin aluminum window. Here 
a volume of gas is ionized, between two parallel horizontal plates, and the 
beam is allowed to pass out through another windowin the rear of the chamber. 
The plates are so placed, with relation to the path of the x-rays, that no 
appreciable diffusion of the ions, to them, may take place in the range of time 
intervals over which measurements are made. Also care is taken, in the 
design and placing of the slits, that practically no scattered radiation shall be 
incident upon the plates. The lower plate is connected alternately, by the 
commutating mechanism, to the high voltage for sweeping out the ions, 


1 P, Langevin, Ann. de Chimie et Physique 28, 403 (1903). 
2 J. J. Thomson, Phil. Mag. 47, 337 (1924). 
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and to ground through a high resistance. Thus the plate is at zero potential 
during the x-ray exposure and the period of recombination. A relay grounds 
the electrode permanently when the final measurement of charge is made. 
The upper collecting electrode is surrounded by a grounded guard ring and 
connected to the quadrant electrometer. Thus the ions are swept from a 
sharply defined volume of ionization of about 63 cm*. The process is cyclic, 
the exposure to x-rays, the lapse of time for recombination after cutting off 
of the x-rays, and the sweeping out of the ions being repeated in succession 
during each complete rotation of the commutating shaft. The control of 
each of these functions is completely independent of the others over a wide 
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DIAGRAM OF APRAAATUS 


HAND OPERATED 
NEUTRAL IZING 
| POTENTIOMETER 


range, determined by the relative settings of the variable sector and commutat- 
ing mechanism, and the speed of rotation. The chamber and electrometer 
are shunted by a large capacity and a single measurement is allowed to extend 
over sufficient time (30 seconds to 4 minutes) to build up a conveniently 
measureable charge on this system. This charge is neutralized, as it grows, 
by a hand-operated potentiometer, with one of the two methods indicated 
in the diagram. Thus the effective potential, on the upper plate, is kept 
very near to zero at all times. The ions are formed and permitted to re- 
combine free from the influence of stray fields. 

The method of neutralization indicated by the solid lines in the diagram 
is the least accurate. This was the first developed and used in the measure- 


Fig. 1. 
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ments on air, which are described later. The upper plate may be kept as 
close to zero potential as the amount of charge collected in a single cycle. 
Due to sluggishness of the electrometer, however, the variance may be much 
greater. Moreover, it becomes necessary to time the period over which the 
reading is taken by means of the sliding shutter. This method is, therefore, 
not practical for measurement in gases in which free electrons are present, 
because of their high velocities, even in very small fields. For measurements 
in air and in mixtures where electrons are not free for appreciable intervals, 
it suffices. a may then be calculated from the relation 





CeR t 


a= 


300eVNT 1 (- ~) 
r To 


where ¢ is the electronic charge, V the volume ionized, N the speed of commu- 
tator in r.p.s., T the time of observation, C the capacity of the electrometer 
system, € the voltage of the potentiometer battery. R is a multiplying factor, 
entering because the capacity, to the lower plate of which the potentiometer is 
connected, does not comprise the total capacity of the system. The time? is 
the recombination time as determined by setting of the commutator. 1p is the 
potentiometer reading corresponding to ¢=0, and r the potentiometer reading 
corresponding to ¢=¢. 

With the second method, indicated by the broken lines in the diagram, 
the variation of the collecting electrode from ground may never exceed the 
potential built up in a single revolution of the commutator. Naturally this 
may be made very small by properly increasing the shunt capacity in the 
electrometer system. If, moreover, the proper value of high resistance is 
chosen, the variation may be made well within the limit set above. As before, 
the values of ro and r are read directly from the potentiometer, in volts, 
when equilibrium is reached. a is now given by the relation 


1.59X10-YRNV 1 ( 1 1 ) 
a= _— _ — — 
€ t 





r To 


where R is the value of the high resistance in ohms, N the speed of the com- 
mutator in r. p.s., V the volume ionized, € the voltage of the potentiometer 
battery, ¢ the recombination time, ro the potentiometer reading corresponding 
to t=0, r the potentiometer reading corresponding to ¢=1. 

In both systems a series of measurements was made with the same 
exposure to x-rays, ¢’, and the same commutator speed. Different relative 
settings of commutator with respect to sector are used to determine first ro 
and then corresponding values of r for different values of ¢. Such a series 
of observations is designated as a run. In all cases, readings for both positive 
and negative charge are taken. 

The voltage induced on the electrometer by the high field used for 
sweeping out ions is very small. This is because the inter-electrode capacity 
of the plates in theionization chamber is very small compared to the total 
capacity of the electrometer system, and the two capacities are in series 
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with each other and the high potential during the application of the field. 
In taking readings with the first method, the field is first applied. The electro- 
meter deflects slightly to a new position which is taken as the zero during 
the measurement. The shutter is then opened and the measurement proceeds. 
Actually the system is at true ground potential except when the field is 
applied. The constant deflection here is then due to the sluggishness of the 
electrometer. When sufficient charge has been collected the shutter is closed 
and the lower plate of the chamber is permanently grounded by means of 
of the relay. Final neutralization with the potentiometer is made by adjust- 
ing to the original zero point. With the second method of measurement, 
the presence of the shunting leak resistance together with the high total 
capacity of the system and the sluggishness of the electrometer, renders the 
inductive effect of the field so small that it cannot be observed. 

Gases were purified® with procedure along the lines of standard technique. 
Air was filtered and dried thoroughly. The argon was obtained from the 
General Electric lamp works. Its purification was not carried beyond the 
removal of all substances having high electron affinity, and drying. Con- 
sequently a small amount of nitrogen was present in the samples of argon 
on which measurement was made. 


RESULTS 


1. Air. All measurements in air were taken with the first method de- 
scribed. A sequence of runs was made, starting with short x-ray exposures ¢’, 
small values of recombination time, ¢, and extending to longer intervals. The 
variation of these two quantities was systematic, the value of ¢’ and the 
range of variation of ¢ being doubled in each successive run. This was 
accomplished merely by halving the commutator speed in each case. The 
x-ray intensity was held constant with respect to current and voltage on the 
tube for a complete series of runs. In this manner, results were obtained for 
values of ¢’ beginning with 0.0156 seconds and ending with 0.5 seconds. This 
range made possible the production of ions of various ages over a wide range 
of concentrations. At the longer intervals of 0.25 and 0.5 seconds, equi- 
librium between the rate of formation and of recombination during the flash 
was reached. The equality of total numbers of ions produced in the two 
cases stood as proof. The above procedure provided a series of overlapping 
ranges of ¢ between the limits 0.0015 sec. and 1.2 sec., the range covered in 
each run being 24 fold. Variation of ¢ within a run was also systematic, 
each successive value being made double the preceding one. The values of 
a and mp were calculated from the readings thus obtained, in the manner 
previously described. These results were also pictured graphically by plotting 
aasa/f (t) foreachrun. The initial concentration, m» was also plottd on the 
same diagram asa f(t’). The result isshown in Figures 2 and 3. Figure 3 is 
a magnification of Fig. 2 shown in order to facilitate comparison of the 
results for short time intervals. For this reason, only the first two points 
on curve V and the first one on curve VI appear on Fig.3. The points on the 


*L. B. Loeb, Phys. Rev. 19, 24 (1922); Phil. Mag. 43, 230 (1922). 








RECOMBINATION OF IONS 623 


curve labeled mo, give a picture of the range of variation of mo and ?¢’ and the 
shape of the curve clearly illustrates the approach to equilibrium. A glance 


at the curves showing a as f(t) brings out some very interesting features, 
as follows: 
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1. ais by no means a constant with time as apparently observed previously 
by the majority of experimenters. On the contrary a starts at a high value, 


about 4X10-*, for ¢’=0.0156 and ¢=0.00156, and drops off very rapidly 
during the run. 








624 LAURISTON C. MARSHALL 


2. As ¢’ and ¢ are increased the drop becomes less sharp and at the longer 
time intervals the curves become nearly straight, showing only a gradual, 
but nevertheless definite, falling off in the value of a. 

3. If the calculations for these longer time intervals are carried out as 
indicated previously, the dropping off of a is more rapid than that shown by 
the curves given. This was found to be due to the effects of diffusion. Since 
the edges of the beam are far from the plates, diffusion to the latter will not 
occur. The process of diffusion, as time goes on, will, however, increase the 
volume, V, in which the ions are contained. This quantity falls in the numer- 
ator of the expression used in calculation. If, therefore, we use the original 
uncorrected volume in determininga, an apparent value is obtained, for 
longer intervals, ¢, which is too low, and the variation due to this cause 
must be corrected for. 

Since dn/dt= —an? and n= N/V, where N is the total number of ions 
in the volume V, dn =dN/V — NdV/ V’. The last term is very small, compared 
to the first, and may be neglected so that dn=dN/V. Now V =/x?, where/is 
the length of the ionized volume and x its width. Because of diffusion, x varies 
with time. The quantity / remains practically constant; for it is to be re- 
membered that this dimension is determined by the guard ring and that the 
gas in either direction along the length of the ionized region is also uniformly 
ionized. Therefore the chance of ions diffusing in or out of the volume from 
either end is equal. Thus we need only concern ourselves with the change in 
V due to increase in x. If we let xo be the original width of the ionized volume, 
then x=x9+2Ax. Now Ax=[(2/r)Ax2]'? and Ax?=2Dt, so Ax=(4Dt/r)". 
In this we are only considering diffusion along the x direction. The general 
three dimensional case gives AS?=6Dt. Now D, the coefficient of diffusion 
of the gas, is given by D=0.0236K, where K is the ionic mobility in centi- 
meters per second per volt per centimeter. Then, if we let V» be the originally 
ionized volume, and remember that Vo=/x,?, we find that V=V»+5)?'”. 
b is a constant involving the coefficient of diffusion and the dimensions of 
the ionized volume, i.e. b=4.512 x»D =4.512VoD/xo. The differential equa- 
tion then reads 


aN = @ dt 
N2 V,+0t} 


which on integration yields 





10.18/D ™ 
~~ 4.§12(Dt)"!2/x9—log-(1+4.512(Di)"2/x Far? 
or, in terms of potentiometer readings, by the first method of neutralization 
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In the runs for which ¢’ was large, an initial correction was also made 
in xo, for the diffusion which took place during the exposure. The equation 
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above affects the value of a very little for small values of ¢, but renders the 
falling off more gradual for the longer times. The curves, as shown, in Figs. 
2 and 3 are corrected in this way. 

In as much as some photo and longer range recoil electrons are lost from 
the volume, during the process of ionization, before they could attach to 
form ions, the positive and negative readings differed at the start, i.e. ro_ 
~1ro,. Moreover the rate of decrease was not quite the same. This latter 
effect was attributed to the fact that the positive and negative ions present 
have different rates of diffusion, due to the different mobilities, the positive 
rate being less than the negative. The accuracy of these first measurements 
did not warrant very great refinement in calculation. Therefore, a coefficient 
of diffusion was used determined from the average value of the two mobil- 
ities. This is D=0.0236 X 2 =0.047, which is as close as D is really known. 














a 
‘3+ . 
2 | I 
% 
i2+ 

° 

Z o 
es 0258 wr 5 7) 25 
Fig. 4. 


a, as determined from the positive and from the negative readings, is not 
quite the same. Owing to the use of a common value for D, the average 
value of a was used in plotting and may be safely assumed to represent the true 
condition of affairs within the limits of error. 

The systematic variation of ¢’, carried out at constant x-ray intensity, 
produces not only an ageing effect in the ions from run to run, but also a 
marked change in the number produced. Some measurements were therefore 
made, using the same values of ¢’ and ¢, but with different x-ray intensities 
The intensity was varied by means of the electron current through the tube 
keeping the applied voltage constant. Thus the ions in each case might 
be said to have been formed in the same manner, since the x-rays are of equal 
hardness. The only difference, then, in the conduct of two runs with corre- 
sponding intervals, ¢’ and ¢, lay in the number of ions formed initially. A 
comparison of two such runs is shown in Figure 4. These curves correspond 
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to curve IV in Figure 3, and are seen to be of the same general type. a is 
however consistently much smaller here on curve II than on curve I. Also the 
lower curve does not show such a sharp rise in a for smaller values of t. It is 
important to state that the values of this curve were taken witha higher 
initial density of ions than was the case on curve I. 

The same effect was noted in measurements, taken in argon to which 
1 centimeter partial pressure of oxygen in the form of air had been added. 
The result is shown by the curves, in Fig. 5, which correspond to curve 
III in Fig. 3. The runs were taken for t’=0.0139 sec and ¢ from 0.00625 sec 
to 0.15 sec. A ratio of initial ion densities of about 3:1 was obtained. The 
drop in a, with increase in density, is seen here to be much more pronounced 
than in the previously discussed case. As before, the lower curve, (curve II), 
corresponding to higher concentration, does not rise as sharply for small 
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values of ¢. The significance of these results in relation to others obtained, 
will be discussed later. 
Although the accuracy of the readings obtained by this method is well 
within + 2 percent, the accuracy of determination of a@ cannot be so great. 
In the first place, the value of a depends on the difference, (1/7) —(1/ro), 
and a variation of + 2 percent, in 7 or ro, introduces a variation in a which 
may be much greater and depends on the relative values of r and ro. In addi- 
tion, as pointed out, the value of D is not known with certainty, and this intro- 
duces an unknown error in this correction. Finally the present measure- 
ments were undertaken only asa preliminary survey of the field, with the new 
method, for the purpose of determining the real conditions existing. Although 
the method is absolute, no attempt was made to secure high accuracy in this 
regard, because of lack of time after significant results were obtained. More 
accurate results can be obtained when certain portions of the equipment are 
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changed to meet the unforeseen difficulties encountered in these measure- 
ments. Work is at present under way with a view to extending the field. So 
far as the relative values of a are concerned the accuracy may be claimed to 
be fairly high. The absolute values may be said with confidence to hold within 
a range of +10 percent. 

2. Argon. Thus far the results obtained have apparently had very little 
bearing on the originally stated goal of this experiment, i.e. the determination 
of the role of the free electron in recombination. Results obtained by Loeb,‘ 
on attachment of electrons to molecules, make it possible to estimate that 
in air any free electrons present will attach to molecules, chiefly of oxygen 
within 10-° sec after separation from the parent molecule. Consequently 
it is safe to state that in the measurements thus far described we have been 
concerned only with recombinations between positive and negative ions. 
It seemed highly desirable to obtain a series of observations in a gas in which 
electrons do remain free for an appreciable time. Such gases are hydrogen, 
nitrogen and argon. Argon was chosen because of the extremely high degree 
of ionization obtainable with moderate x-ray intensities. A series of runs 
was made, as before, over ranges of t’ from 0.0139 sec to 0.0556 sec, and ¢, 
between the limits 0.00625 sec and 0.15 sec. Since the velocity of electrons 
in a unit field is of the order 10° times that for ions, the rate of diffusion must 
be high. Therefore the first method of measurement described proved im- 
practical. The second method was consequently resorted to and gave satis- 
factory preliminary results. The negative as well as the positive readings 
were carefully taken. Free electrons were present in profusion, as evidenced 
by the behavior of the negative readings as compared with the positive. 
Even during the short exposure time of 0.0139 sec, enough electrons diffused 
from the volume to make the intital negative readings far smaller than the 
positive. As ¢ increased, the rate of decrease of the negative charge was much 
greater than that of the positive. In the time intervals used, the positive 
charges could diffuse only a very short distance so that their rate of dis- 
appearance was taken to indicate the trend of recombination. The original 
differential equation, dn/dt = —an?, assumes equal numbers of positive and 
negative ions present during the process, and therefore cannot apply here. 
Consequently the method of calculation of a must also be changed. The 
modification is as follows: 

Let n, be the number of positive ions per cc, m_ the number of electrons 
per cc, a the coefficient of recombination, ¢ the time of recombination, 
no the number of negative charges initially present (at t=0), m’ the number 
of positive ions initially present and m the number of positive ions present 
after a time ¢. 

Then we write 

dn/di=—a ny n_. 
The disappearance of the negative charges may be ascribed to two causes, 
namely: recombination and diffusion from the region between the plates. 


‘ L. B. Loeb, Proc. Nat. Acad. Sci. 7, 5 (1921); Phys. Rev. 17, 89 (1921); J. Franklin Inst. 
197, 45 (1924); Phil. Mag. 46, 1088 (1923). 
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This change is shown, as a function of ¢, in the negative readings. It was 
assumed that n_ might be expressed as a function of ¢ as follows: 


n_=a/(1+60). 
Then at ¢=0, a=, and we may write 
n_=Mno/(1+5dt). 


When this expression is substituted for n_ in the above equation, integration 
yields the following expression for a 


b logn’/n 6b logr’/r 
eng log (1-+b1) mo log (182) 


Values of mo, r’ and r were measured and calculated as described in the second 
method. It remained to determine the proper value of 6. The values of n_ 
were plotted as a function of ¢, yielding curve I in Fig. 6. Then, using mo and 
another point on the curve, bwas computed from the relation b = (mp) —n_)/n_t. 
Proper choice of b gave a calculated series of values represented by the curve 
II in Fig. 6. This fit was considered to be sufficiently close to give values of 
” well within the limits of error. 
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The results obtained are shown by the curves in Fig. 7. Curve I corre- 
sponds to curve III in Fig. 3. Curve III in Fig. 7 represents a run taken with 
a longer interval ¢’ and corresponds to curve V in Fig. 3. The curves marked 
n’ and my show the change in these quantities with ¢’. All these curves are 
plotted in the same manner as in Fig. 3. The difference in the rate of increase 
of n’ and m, is most striking. During the exposure times used, m’ does not 
even approach equilibrium, while m) very quickly reaches a maximum. The 
latter effect may be ascribed to the rapid diffusion of the electrons so that 
the rate of loss very soon approaches the rate of generation. Most striking, 
however, is the shape of the curves showing a asa f(t) and the low values of a 
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obtained. These are, in general, about half the corresponding values in air. On 
the basis of the kinetic theory, a, for argon, would be expected to be about 
equal to a for air. The sharp drop in the value of the coefficient, which was 
observed in air for these conditions, is here absent. The significance of these 
facts will be discussed later. 

Two errors enter the above determinations which make the value of a 
uncertain. The first is introduced by the loss of electrons from the volume 
ionized. The plates in the chamber were circular, and not designed for this 
type of measurement, so that electrons may travel several centimeters to 
the side before passing from the region between the plates. It is therefore 
possible for the electrons to leave the volume of ionization, and in which the 
positive ions stay, and still be collected when the charge is swept to the upper 
plate. This will lead to the measurement of a spuriously high value of mo or 
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n_, corresponding to given values of m’ or nm. Such an effect would tend to 
produce a calculated value of a lower than the actual one. On the other 
hand, electrons diffusing upwards to the collecting plate will tend to increase 
the measured values of m) and m_ and decrease those of m’ and n. This is 
an effect in the opposite direction. Obviously diffusion in and out of the 
ends will be equal. Electrons lost to the lower plate will not affect the reading, 
inasmuch as this electrode is grounded except when the ions are being swept 
out. It is estimated that the two effects will about compensate each other and 
that the value of a obtained is true within the limits + 10 percent. Naturally 
a series of experiments with a chamber designed to eliminate these effects 
would be most desirable. Such measurements are now being undertaken in 
this laboratory. 

3. Argon mixed with air. The measurements in argon, to which 1cm partial 
pressure of O, in the form of air was added, afford interest when compared 








630 LAURISTON C. MARSHALL 


with these just described. Curve IV in Fig. 7 corresponds to curve I and is 
identical with curve I in Fig. 5 and represents the value of a in the mixture. 
The runs are identical, with the exception of a slight difference in the x-ray 
intensities used. The values of a are seen to have risen to the corresponding 
ones for air. (curve III, Fig.3). There was no sign of the presence of free 
electrons and the positive and negative readings were nearly equal. In 
calculating and plotting a the same system of averaging was employed as 
described in the work with air. 


PREVIOUS INVESTIGATIONS 


The earliest direct® measurements were made by Townsend® Rutherford,’ 
and McClung, * who used either air-blast methods or methods in which a 
gas was ionized by a flash of x-rays and the number of ions remaining after 
a time ¢ was measured relative to the initial ions present. The coefficient of 
recombination @ is then calculated from the solution of the well-known 
differential equation 


dn=—andt, 


1 (“ -) 
a=s—[|——— 
t\ne Mo 


where m, and mp are the number of ions per cm’ after a time ¢, and the initial 
number at ¢=0 respectively. The values of m, and mp are computed from the 
numbers of ions observed, divided by the volume ionized. These earlier 
observers found that the value of a so observed was constant and equal to 
about 1.6 X 10-* for air. Inasmuch as these results were obtained at a time when 
the control of experimental conditions was much inferior to that possible later 
and did not eliminate the effects of diffusion, the conclusions drawn from 
them, which have been only too generally accepted, must be regarded with 
caution. More recently Riimelin® and Plimpton!® have carried the measure- 
ments further. The work of both these men was excellent, but the conditions 
under which they worked did not allow of the independent control-of the 
variables, ionization flash period, ¢’, recombination time, ¢, and ion concen- 
tration, mo, now possible. Both these observers found that, for very short 


which reads 


5 Other measurements have been made by many workers including Langevin (reference 1); 
Bragg and Kleeman, Phil. Mag. 11, 466 (1906); Kleeman, Phil. Mag. 12, 273 (1906); Hendren, 
Phys. Rev. 21, 314 (1905); Erikson, Phil. Mag. 18, 328 (1909); Thirkill, Proc. Roy. Soc. A88, 
488 (1913); Phillips, Proc. Roy. Soc. A83, 246 (1909); and Retchinsky, Ann. d. Physik 17, 
518 (1905). The methods employed by these workers were more or less “indirect” so that they 
did not permit independent control of the important variables ¢’, ¢ and mp and thus the effects 
which are here under discussion were masked. 

6 J. S. Townsend, Phil. Trans.’Roy. Soc. 193, 157 (1900). 

7 E. Rutherford, Phil. Mag. 44, 422 (1897). 

8 A. McClung, Phil. Mag. 3, 283 (1902). 

* Riimelin, Ann. d. Physik 43, 821 (1914). 

10S, J. Plimpton, Phil. Mag. 25, 65 (1913). 
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time intervals, ¢’ and ¢, a was high and not constant, dropping rapidly to 
lower values as the time intervals ¢’ and ¢ increased. Riimelin interpreted 
his high values as being due to an initial rapid recombination of free electrons 
and positive ions, an erroneous interpretation as the present results show. 
Plimpton correctly ascribed his results to an initial non-random distribu- 
tion of ions due to the mechanism of ionization, a,distribution which became 
more nearly random through diffusion of the ions as time progressed This in- 
terpretation, it will be seen, is in good accord with the results herein described. 
The non-random nature of the initial ionization in the meantime had been 
discussed theoretically by Jaffe," particularly for the case of a-particle 
ionization where the columnar effects are much more pronounced than for 
ionization by x-rays. Finally while the present work was in progress 
Schemel"® carried out measurements on a-ray ionization by a direct method 
of measurement. His results are excellent and are made the basis for dis- 
cussion in a theoretical paper by Jaffe." While they deal with a more 
troublesome mode of ionization the conclusions are in good accord with the 
conclusions of Plimpton and those independently arrived at from the pre- 
sent work before the paper of Schemel’s came into the writer’s hands. The 
complications due to a-particle ionization, however, have made the ab- 
solute evaluation of a in the work difficult, as pointed out by Jaffe, so that 
the results of the present investigation may serve to throw some light on 
this subject. 


DISCUSSION OF RESULTS 


The first feature to excite interest is the unusual variation of the coeff- 
cient of recombination as evidenced by the results obtained in air. Except 
in the measurements of Riimelin and Plimpton and very recently Schemel 
the sharp increase of a, for short time intervals, ¢, has not been observed 
before. Recent investigations have led to a rather clear picture of the mec- 
hanism of x-ray ionization."* It is now fairly certain that the ions are formed, 
initially, in pairs. In most of these the ions are separated by relatively small 
distances. Especially is this true in gases and mixtures such as air, where 
the electrons attach quite rapidly to form negative ions. It is fairly safe 
to assume that in air the average initial distance between the ions in a pair 
is of the order 10-* cm or less. This would correspond to a concentration of 
10° ions/cc, with uniform distribution throughout the volume and only 
10-* cm between any two ions of a pair. Now an initial concentration of 
the order 10° ions/cc, such as calculated for small values of t from the observed 
readings and assumed volume, corresponds to a distance between ions of 
10-2 cm at uniform distribution. These facts lead to a clear picture of the 
conditions existing as the x-rays are cut off following a short exposure. The 
ions must be scattered in pairs rather irregularly throughout the volume, 


" G, Jaffé, Ann. d. Physik 43, 249 (1914); 75, 391 (1924). 
12 J. Schemel, Ann. d. Physik 85, 137 (1928). 

3G, Jaffé, Ann. d. Physik 1, 977 (1929). 

44 A. H. Compton, X-Rays and Electrons, pp. 227-314. 
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along the paths of the x-rays and photo and recoil electrons. Due to the 
fact that some diffusion has taken place between ions formed at the begin- 
ning of the x-ray flash, we shall have distances within pairs ranging from less 
than 10-* cm to somewhat over this amount. Consequently, though there 
be but 10° ions in each cm’ of gas, the effective concentration may amount 
to 107/cm* or more. In order to see the effect of such a condition on the 
results, it is well to consider the simple expression for a. 


1 (- ~) 1 (=) 1 ( 2) 
a=s=— | ——— ) = — | —_ ] = —[ 1-— }. 
ti\n Mo nt No nt No 


Now calculation gives m= N/V and myp=No/ Vo where N and Np represent 
the total measured numbers of ions in volumes V and Vp respectively. Then 
we may write 





1 (,- — 


NY VN. Nov 


The value of a depends on the quantities m) and n, which are computed 
from the ratios No/V») and N/V. No and N are found by measurement. 
The values of V and Vo used are the total volumes over which the ionization 
ts distributed. These are consequently much higher, for small values of ¢’ 
and ¢, than the effective volumes, which are determined by the distribution 
in pairs just described. That is to say m, as we determine it is much smaller 
than the effective which is influencing recombination, and which, for a 
given measured JN, corresponds to a much smaller effective value of V. Con- 
sequently, for a given calculaton, since our evaluation of m and mo is much 
too small, the apparent value of a will be correspondingly high. For a given 
run, i.e. a given exposure time, ?¢’, the error in mo will be constant. However, 
as ¢t increases the ions begin to diffuse apart. The effective value of V is closer 
to the assumed one and the determination of m is less in error. Consequently 
the apparent value of a, though still high, will drop off, the drop becoming 
nore gradual as ¢ increases. In other words, we have measured the total 
number of ions present as a function of ¢ and from this have computed 
erroneous values of mo, and of m as a function of ¢, obtaining a value of a 
which varies as shown in the curves. The effective value of mo and the actual 
variation of the effective values of m with ¢, is determined by the initial 
distribution and the processes of diffusion which ensue. This time varitaion 
may or may not be such as to make the true value of a constant. 

As we increase ¢’ from run to run two things occur. First, the ions are 
older, when measurement is started, and consequently have had more time 
to diffuse apart. Second, the total concentration is greater due to the increased 
exposure to x-rays. Therefore the effective and computed values of mo be- 
come more nearly the same, and the ions need not diffuse so far before the 
effective and apparent values of m become equal. The value of a, thus cal- 
culated, is lower and drops less sharply with ¢. Finally at the longer values 
of ¢’, distribution is nearly uniform before observation of recombination is 
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begun. The apparent and true values of a coincide and are very nearly 
constant at least for the longer intervals ¢. As mentioned before, lack. of 
quantitative knowledge concerning the initial conditions of distribution pre- 
vents ovr determining definitely whether the true value of @ is constant 
for the smaller values of ¢. The experimental evidence however, indicates 
quite strongly that it is,and that the predominating effect,causing the ob- 
served falling off of a, is that described above. The strongest proof of this con- 
clusion lies in the drop observed in the values of a for identical runs, when 
only the concentrations were increased. This is also in accord with the ob- 
served drop, at the beginning of successive runs, for the same values of ¢. A 
comparison of the curves, in Fig. 3, with each other, and with the corre- 
sponding ones in Figs. 4 and 5 will make the matter strikingly clear. 

It is to be noted that the final value of 0.8 to 0.9 10-* toward which a 
tends in these experiments, is only about half the previously accepted one. 
It is believed that the value here given is more nearly correct in view of the 
fact that this result was obtained by a direct method, in which the sources of 
error could be foreseen and avoided, and which made use of the high degree 
of development of modern experimental technique. 

These results also distinguish definitely between the two opposing view- 
points, i.e. of Langevin and J. J. Thomson, mentioned in the introduction, 
concerning the fundamental process of recombination. If, as assumed by 
Langevin, the bringing of the ions together be due to the mutual effect of 
their electric fields, we should expect a very high and practically constant 
value of a. This would be especially so, inasmuch as the ions are known to be 
formed so close together initially. The field, if the dominating factor, would 
also prevent diffusion apart and there should be no marked apparent de- 
crease of the coefficient with time. The contrary is seen to be true. Hence 
the results obtained seem to be thoroughly in accord with the fundamental 
assumption of Thomson, i.e. that the ions are brought into the immediate 
neighborhood of each other by their heat motions and the role of the elec- 
trical forces is secondary. 

The next feature which claims the attention is the behavior of the coef- 
ficient in argon. As stated, we now know that electrons do not attach to 
atoms of argon to form negative ions. The results set forth here would then 
indicate that the rate of recombination of electrons with positive ions in 
argon is very slow compared to the recombination in argon contaminated 
with oxygen, where electrons are no longer free. This conclusion is borne out 
by the recent results of Kenty,” concerning the recombination of positive 
ions with electrons following electrical discharges in very pure argon. It is 
found that the apparent coefficient of recombination between electrons and 
positive ions in argon is of the order 10~"*. 

The observed recombination in pure argon must then take place between 
positive ions and negative carriers of a nature other than electronic. Un- 
doubtedly the electrons must attach to molecules of impurity present in the 


1 C. Kenty, Phys. Rev. 32, 624 (1928). 
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sample of gas used, thus forming negative ions. That sufficient impurity was 
present to permit such a process to take place is very likely to be the case 
inasmuch as a metal ionization chamber was used. In such chambers 
spectroscopically pure gas can still contain impurity enough to cause fairly 
rapid attachment. The gas was, however, sufficiently pure to make the rate 
of attachment relatively slow, as shown by the numbers of free electrons ob- 
served. The measurements obtained, therefore, are not to be regarded as a 
true indication of the rate of recombination between electrons and positive 
ions, but rather as the rate of attachment of electrons to molecules of im- 
purity. This view is nicely substantiated by the effect of adding small quanti- 
ties of O2. The percentage of impurity was then sufficiently great to allow 
rapid attachment, probably within 10-* to 10-* seconds. All evidence of free 
electrons disappeared, and the recombination rose to the same rapid rate as 
previously observed in air. 

It was also pointed out that the sharp drop in a at short time intervals 
was absent in pure argon, as evidenced by the flatness of the curves in Fig. 7. 
The rate of electron diffusion is so rapid in argon that even at the short times 
involved the distribution of charge was probably completely uniform. 

The experiments are now being continued by Mr. Overton Luhr, to whom 
the writer wishes to extend sincere thanks for his assistance and suggestions 
in the carrying out of the work in the last stages of this complicated method. 
Most of all it is desired to thank Professor Loeb, at whose behest the problem 
was undertaken, for his unfailing interest and kind assistance, rendered both 
by advice and suggestion, throughout the course of the experiments. 
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ABSTRACT 


This paper embodies the results of an attempt to determine some of the conditions 
which affect the nature of ions in air. It is shown that drying agents like CaCl, and 
P.O; are not sufficient for drying purposes and that cooling by means of liquid air is 
essential for the more complete results. In air dried in this manner the initial positive 
ion transforms into the final ion very slowly, if at all. Results are also given con- 
firming Tyndall, Grindley and Sheppard, that the ionizing process itself gives rise 
to impurities affecting the ions. It is shown that the effect of water is modified by the 
presence of the impurities due to ionization. The requirements essential in any 
method for the study of ions are given at the close of the paper. 


N GATHERING evidence as to the nature of gaseous ions, it is very 

necessary to keep in mind the purity of the medium involved. Each ion 
experiences 10'° collisions per second. As an ion can attach itself to a neutral 
body and in certain cases can transfer its charge to other neutral bodies 
forming an ion often of different mobility, it is clear that impurities may lead 
to results which are quite misleading. The object of this paper is to publish 
some results which throw additional light on this situation. It is necessary 
that the various effects along this line be clarified before we can hope for 
success in formulating a theory. 














Fig. 1. Diagram of apparatus. 


THE EFFECT OF DRYING THE AIR 


The apparatus used was essentially the same as described in an earlier 
paper.! The arrangement of driers was as shown in Fig. 1. 

Air from the compressed air system in the building was passed into the 
tank J at O. The steel tank J was 40 cm in diameter and 92 cm high and 


1 Erikson, Phys. Rev. 33, p. 403 (1929). 
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was nearly filled with granules of CaCly. The air then passed through two 
iron tubes K in parallel. In each of these was contained a glass tube 5 cm in 
diameter and 110 cm long. These glass tubes contained glass-wool and P,Q;. 
The air then passed through a glass-wool strainer L, then through two 
copper coils M in parallel. The copper tubing of each of the coils was 0.6 
em in side diameter and 375 cm long wound in 25 turns. These coils could be 
immersed in liquid air. The air then passed through glass tubing to the 
glass-wool strainer N. The strainer N quickly became covered with frost so 
that the air was strained while cold. The air then passed through a glass 
Liebig condenser Q, than through a glass tube R wound with a nicrome 
heating ribbon. Thecurrent in the heater R was regulated so that the ther- 
mometer S registered room temperature. The air dried in this manner then 
passed into the auxiliary tube 7E. The flow of air was regulated so that the 
pressure of the air in 7E was the same as the room pressure as registered by 
the gauge U containing sulphuric acid. The tube TE was of brass and was 
2 cm in diameter and 100 cm long. 

A polonium plate was placed at P in the auxiliary tube 7E. The polonium 
P could be placed at different distances from E, where the ions entered the 
main stream of room air passing through the apparatus due to the fan //. 
The age of the ions could then be altered by altering the position of P. The 
speed of the air in the auxiliary tube 7E was 160 cm/sec. The speed of the 
main air stream in the tube ABH was 3300 cm/sec. The difference of 
potential between the plates AB was of the order of 5000 volts. The time, 
therefore, required for the ions to pass from E to F was of the order of 0.0003 
sec. This short time required for the ionic measurement is very essential 
on account of the rapid transformation which the ions often undergo. In 
many cases the above time is amply short, in other cases it is evidently too 
long. This is true when a small percent of acetylene is present or for example, 
when the positive ion formed in the impurity due to ionization comes into 
the presence of water vapor. 


EFFEcTs DUE ro DRYING THE AIR 


In Fig. 2 are given results showing the effect of the different driers. The 
polonium was 18 cm back from £ and therefore corresponds to an ion-age 
of about 0.11 sec. 

Curve A was obtained when air passed through the auxiliary tube TE 
directly from the room. The maximum 2 is due to the initial ions and rep- 
resents a mobility of 1.87 cm/sec per volt/cm. The maximum ™m is for the 
final ion and represents a mobility of 1.36 cm/sec per volt/cm. The relative 
proportion of these two ions depends upon the age. With the polonium at 
E, only the initial ion m is obtained, but with the polonium at 7, only the 
final ion m is obtained. 

Curve B, Fig. 2, was obtained when the air passing through the aux- 
iliary tube TE had passed through the CaCl, tank J, only, and then through 
the coils M without having the coils immersed in liquid air. The other con- 
ditions were the same as for A. It is here seen that the initial ions have 
disappeared, thus giving only the final 1.36 ion m. 
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Curve C, was for the same conditions as for B but with the P.O; driers K 
added. It is here seen that there has been no appreciable change from B. 
A similar test with the P.O; driers alone showed no change from B. Comparing 
curves B and C with curve A, shows that something favorable to the forma- 
tion of the final ion had been added. On account of the long closed system 
this effect can not safely be attributed entirely to the P.O; and CaCl. 
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Fig. 2. Showing effect of drying agents. 


Curve D, Fig. 2, was obtained when the air passed through the CaCl, 
tank J only and then through the coils M immersed in liquid air, the polonium 
being at 18 cm from E as before. It is here seen that initial ions m, are present 
and that there is only a trace of the final ions m. A condition now prevails 
which makes it difficult for the final ions m to form. We are no doubt here 
dealing with the real initial air ion. The negative ion during the above pro- 
cedure remained unchanged. Its maximum agrees with that of the initial 
ion n. 





|» 
16-417 | a oe 4 
aa 
14 t 
| 
124- 7.5 + + + + — 
n 
10) ++ -— —+ 
+ 
08}— i os 
Mog ttt tt in tt 


+> 
































ttt tat tt te 
SFB) al} : 


Crs 4 Ste 54 562 S456 
Distance d €ms) 








Fig. 3. Showing ageing of initial ign in dry air. 


In Fig. 3 are shown results obtained when the air passing through the aux- 
iliary tube TE was dried by passing through the CaCl, tank J and through 
the coils M immersed in liquid air. Curve A; was obtained when the polonium 
was at E, giving an ion-age of about 0.02 sec. It is seen that only the initial 
ion is present. 
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Curve B, was obtained with the polonium 18 cm from E£, giving an ion- 
age of 0.1 sec. Only a trace of the final ion m is here present. 

Curve C,; was obtained with the polonium 80 cm from E. This corres- 
ponds to an ion age of about 0.5 sec. It is here seen that there are less of 
the ions and that final ions m have formed. The negative ion during the 
above remained unchanged. This indicates that in air dried in this manner 
the positive ion changes into the final ion with age. The transition is, however, 
much slower than in the case of room air, or in the presence of the im- 
purities added by the CaCl, or P,O; drying chambers. There is a question 
if the small change observed is due to a small amount of impurity still 
remaining in the air, as for example, the impurities due to the ionization. 


EFFECTS DUE To DRYING NITROGEN 


A commercial cylinder containing nitrogen of 99 percent purity was 
connected through a reducing valve to the system immediately before the 
glass-wool strainer L, Fig. 1. The driers J and K were disconnected. 
The nitrogen thus passed successively through M, N, Q, R, and S into the 
auxiliary tube at 7. 

The results are shown in Fig. 4. Curves A» and By are for the negative 
and positive ions when the polonium was 70 cm from E£ thus giving ions about 
0.4 sec. old. The nitrogen passed through the coils M without liquid-air 
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Fig. 4. Showing effect of drying nitrogen. 


cooling. It is seen that the normal negative ion, mobility 1.87, is present and 
that only the final 1.36 positive ion m is present. 

Curves C, and D, are for the negative and positive ions when the nitrogen 
passed through the coils immersed in liquid air, the polonium being 70 cm 
from E as before. It is here seen that the negative is unchanged. The positive, 
however, has changed and now consists primarily of initial 1.87 ions m. There 
are, however, also a few final 1.36 ions m, comparable to Curve Ci, Fig. 3, 
which was for the polonium at 80 cm. 
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Curves E, and F, were obtained with the polonium close up to £ thus 
giving ions about 0.02 sec. in age. The coils were immersed in liquid air. 
Here there is present only the normal negative ion and the initial positive 
ion m, both having the same mobility. The fact that the negative ion is 
normal in nitrogen at this short age must mean that the free electrons known 
to exist in nitrogen become attached when entering the main room-air 
stream at E£. 

It is thus seen that the results with nitrogen are smilar to the results for 
air, and that the final ion forms more quickly in nitrogen taken directly 
from the cylinder without liquid-air drying. With the liquid-air drying, 
however, it is seen that the initial ion attaches itself with difficulty. 


IMPURITIES DUE TO IONIZATION 


Tyndall, Grindley and Sheppard? suggested that impurities may be formed 
which are due to the ionizing action of the rays and obtained results indicating 
this. In order to test this point, a rectangular brass chamber 7.4 cm square 
and 23 long was inserted between S and 7, Fig. 1. No special care was taken 
to clean the surfaces of the chamber. A metal rod connected to earth ex- 
tended through this chamber and into the tube 7E. This gave a potential 
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Fig. 5. Showing effect of ionizing air in a metal chamber. 


of 5000 volts between the rod and the chamber and tube. A powerful source 
of beta-rays was introduced into the chamber. The air in the chamber was 
thus ionized very heavily but the ions were removed by the time the air 
passed the downstream end of the rod. The polonium was placed a short 
distance downstream from the end of the rod thus reionizing the air, and 
giving ions of an age of about 0.3 sec. The air was dried by passing through 
the CaCl, tank J and the coils M immersed in liquid air. 

The results are shown in Fig. 5. Curves A; and B; were obtained simul- 
taneously, that is, after a reading for A; without the beta-rays had been 
obtained, the rays were introduced into the chamber and a reading for 
curve B; obtained. This procedure more fully insures identical conditions. 
It is thus seen that curve A3;3, which is for air which had not been ionized, 
shows the presence of initial ions m, whereas curve B;, which is for air which 


? Tyndall, Grindley and Sheppard, Proc. Roy. Soc., A121, 185 (1928). 
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had been ionized, shows that the initial ions have been transformed. It is 
thus clear that the ionizing process gives rise to something which greatly 
enhances the transition into the final ion. Presumably this is due to the 
formation of oxides of nitrogen and ozone. 


D1rREcT EFFECT OF THE CHAMBER 


In Fig. 5, Curve C; was obtained under conditions similar to those for 
curve A;, but without the chamber. It is here seen that without the chamber, 
mostly initial positive ions are obtained whereas with the chamber the final 
ions predominate as shown by curve A3;. The chamber itself had a contam- 
inating effect. 

In order to test further the effect of ionization, a glass bulb W, 12 cm 
in diameter was inserted between S and 7, Fig. 1. The upper side had been 
caved in so as to form a recepticle into which the decayed emanation tubes 
giving beta-rays could be placed. A rod X connected to earth passed centrally 
in the auxiliary tube E7, as shown in Fig. 6. The auxiliary tube was at 5000 
volts, thus giving a field which removed the ions due to the beta-rays inW 
from the air before it reached the polonium P, where it was reionized. 
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Fig. 6. Showing effect of impurities due to ionization. 


The results are shown in Fig. 6. Curve A, was obtained when room air 
entered directly into the vessel W. This shows the presence of initial ions 
n and final ions m. Curve B, was obtained when the room air entering W 
was heavily ionized by the beta-rays. No appreciable change from A, was 
obtained. m had been slightly lowered and m slightly raised. This unchanged 
result is apparently due to the water present in the room air which, as will 
be seen later, has an opposite effect to that of the impurity due to ionization 
in dry air. 

Curve C, Fig. 6, was dbtained with no rays in W and the air dried by 
passing through tank J and the coils M immersed in liquid air. It is seen 
as before that practically all the ions are initial ions n. Curve D, was obtained 
under identical conditions as for C, but with the beta-ray tubes in the re- 
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cepticle in W. It is seen that final ions m have been formed. The day was 
cold and dry so that the room air passing through the main tube AB, Fig. 1, 
had a low humidity. 

The curves in Fig. 7 were obtained when a glass bulb W, 12 cmin diam- 
eter was inserted between S and 7, Fig. 1. Through an opening at the top 
a thin aluminum capsule 2.6 cm in diameter and 5 cm long was inserted. 
This capsule could be filled with the beta-ray tubes thus ionizing the air 
in W more heavily than in the case of Fig. 6. 

Curves A; and B; are for room air without beta-rays and with beta-rays 
in the aluminum capsule. As in A, and By, in Fig. 6, no appreciable differ- 
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Fig. 7. Showing effect of impurities due to ionization 


ence was obtained. Only a slight lowering of m and raising of m was obtained. 
Curve C; was obtained when the air entering W passed through the tank 
J and the coils M immersed in liquid air. No rays were present in the 
aluminum capsule in W. It is seen that more final ions m were present 
there than in the case of C,, Fig. 6, presumably due to greater contamination 
by the vessel W. Curve D; was obtained with the rays in W, conditions 
otherwise being the same. It is seen that there is a marked diminution in 
the number of initital ions similar to D; Fig. 6. 

It is therefore apparent that impurities are formed in the ionization pro- 
cess which increases the rate of transition of the initial into the final ion. 


THE EFFECT OF WATER 


In order to test the effect of humidity, distilled water was added to bulb 
W. The air passing over this evaporated the water. 

The results are shown in Fig. 8. Curve A. was obtained when the bulb W 
was dry and the entering air had passed through the tank J and coils M 
immersed in liquid air. No rays were present in W. Practically only initial 
ions m are present. Curve B, was obtained when distilled water was placed 
in the bulb W; no rays were present in W. It is seen that final ions m have 
formed. These are due to the ageing of the initial water ions as was shown 
in an earlier paper. 
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Curve C, was obtained with the conditions the same as for B, except that 
that the beta-ray bulbs were placed in the receptacle in W. It is seen that 
fewer final ions m and more of the initial ions m were present than in the case 
of air containing moisture alone. The final ion m in Bg is, on the writer's 
view, a two-molecule water ion. This ion apparently is simplified back to a 
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Fig. 8. Showing effect of water and the ionization impurity. 


one molecule ion m. The behavior is as if the impurity due to ionization 
deprives the ion m of a water molecule or that the impurity is molecular 
and gives up an electron to the ion m and itself becoming a one molecule 
positive ion . By means of a modified method it will be possible to clarify 
this point. 


DISCUSSION OF RESULTS 


From the above it is apparent that in a study of the air ions it is nec- 
essary to work under very definite conditions. In the first place the air 
must be thoroughly dried. Drying by passing through concentrated H2SO, 
adds an impurity which alters the ions. From the above, drying agents 
like CaCl, and P.O; apparently do the same. Even a closed vessel, especially 
if of metal, alters the ions. Any drying process must include cooling by means 
of liquid air and careful straining while the air is cold to remove water dust, 
etc. When the air has been thoroughly dried, the transition of the initial 
positive ion into the final positive ion is very slow, being of the order of 
one second for half-value. This transition even, may be due to traces of 
impurity still remaining. On the writer’s view the initial positive ion is one 
molecule large. It has the same mobility, namely of the order of 1.87 cm/sec 
per volt/cm, as the negative air ion which is also one molecule large. The 
negative ion does not change with time. The initial positive ion, however, 
does change with time into adefinite ion of a lower mobility, of the order 
of 1.36 cm/sec per volt/cm. This ion is, on the writer’s view two molecules 
large. The rate of transition into the slower ion depends upon the character 
of the impurity present. If water is added to the dry air the initial air 
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ion becomes a one molecule water ion (H,O*). This is undoubtedly due to 
the fact that the ionizing potential of H,O is of the order of 13, where as 
that of Ne or Oz is of the order of 16. This permits an electron to pass from 
H.O to Nt or O.+. The H,O+* ion thus formed and being one molecule large 
has the same mobility as the N.* or O,* ions and also the same as the N,~ 
or O27 ions. 

The H,.0+* ion, it was found in an earlier investigation, unites with another 
molecule forming the slower 1.36 ion. This transition is quite rapid having 
a half-value period of the order of one-tenth second. 

It is apparent from the work of Tyndall, Grindley and Sheppard and from 
the above results that in air the ionizing process itself gives rise to molecules 
which will alter the ions. This impurity, which presumably is an oxide of 
nitrogen, is very rapid in its attack on the initial one-molecule positive air 
ion, resulting in a positive two-molecule ion of mobility 1.36. This transition 
is so rapid that even to minimize it introduces a serious experimental diffi- 
culty. In fact, it practically bars the use of a closed vessel method. The 
ions will have to be drawn out of the ionized region in a time which is shorter 
than the time necessary for the impurity to act. Care will then also have to 
be exercised that the air which was ionized does not itself enter the measuring 
vessel. 

As seen above if water is also present the situation is further complicated. 
The ionizing impurity and the water both attack the initial air ion and the 
ions so formed, have themselves an interaction. | 

It thus seems that any method in order to give clarifying results must 
accomplish the following: 1. It must remove the ions from the ionized reg- 
ions in an interval not to exceed 0.001 sec after formation; 2. It must not 
admit any of the air from the ionized region into the measuring part; 3. It 
must have a region through which the ions pass and to which definite im- 
purities may be added for varying intervals of time; 4. It must permit the 
ions to be removed from this region into a region of definite character such 
as pure dry air; 5. It must permit the measurement to be made in a definite 
interval preferably not in excess of 0.001 sec. The writer has begun the use 
of a method embodying these features. 

The author wishes to thank the Exceutive Committee of the Graduate 
School of the University of Minnesota for its financial aid in this research. 
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ADSORPTION OF AIR AND WATER VAPOR ON 
ROCK-SALT SURFACES 


By J. H. Frazer* 
DEPARTMENT OF Puysics, UNIVERSITY OF CALIFORNIA 


(Received May 27, 1929) 


ABSTRACT 


With a method previously described the adsorption of air on rock-salt surfaces 
is measured as a function of temperature, and the temperature at which complete 
outgassing occurs is determined. An estimate of the thickness of the film is given, and 
also the approximate speed at which it forms. The effect of water vapor on the 
surface is observed, and it is shown that exposure to water vapor has no permanent ef- 
fect on the surface as long as the partial pressure of the water vapor is kept below that 
of a saturated sodium chloride solution at the same temperature. This, however, is 
true only of cleavage surfaces; polished surfaces are less stable against the action of 
water vapor. 


HEN light, plane polarized at 45° to the plane of incidence, is reflected 

at a certain definite angle from the sharp boundary between two iso- 
tropic dielectric media, the reflected light should be plane polarized. Experi- 
mentally this is not quite so; the light is almost always more or less elliptically 
polarized. This elliptical polarization is explained by saying that the 
boundary between the two media is not a mathematical plane, but that there 
is a gradual transition from the properties of the first to those of the second 
medium. The mathematical expression for this elliptical polarization, to the 
first order in 1/) is: 


Z. 
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™ ef (e~ei)(e~e2) | 
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Where p is the “coefficient of ellipticity,” i.e., the ratio of the minor to the 
major axis of vibration of the reflected elliptically polarized light: « is the 
dielectric constant in the 1st medium; €2 is the dielectric constant in the 2nd 
medium ;€ is the dielectric constant in the transition layer; and A is the wave- 
length of the light used, and the integral extends over the region of variable e. 

This surface or transition layer, the region within which the optical 
properties are different from those of either medium, might originate in one 
or more of the following ways: 

(1) The interface might have irregularities small in comparison with the 
wave-length of light. This would not produce scattering, but two planes 
drawn tangent to the tops and bottoms of these irregularities would then 
enclose a region in which there would obtain a dielectric constant to the first 
approximation the mean of those of the two media. 


* National Research Fellow. 
1 Drude, Lehrbuch der Optik, p. 272. 
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(2) There might be material adsorbed at the interface, which would then 
constitute a transition layer. 

(3) The temperature agitation of the surface would result in a roughening 
of the surface which would be in addition to (1) above. 

(4) Even in the case of the reflection of light from a “molecularly plane” 
surface at the absolute zero of temperature there would still be an effective 
transition layer because the surface ions or molecules are in a different condi- 
tion from those in the interior. 

It will be noted that the expression for the ellipticity involves, besides the 
thickness, also the dielectric constant. This means that in order to evaluate 
the thickness we must know the dielectric constant, not only its average 
value, but its value as a function of position as we proceed from medium (1) 
to medium (2). However, the error made by assuming the dielectric constant 
to be constant within the layer is small. Neglecting this it is frequently 
possible, by assigning reasonable values to the dielectric constant, to get a 
fair approximation to the thickness, and it is always possible to set a mini- 
mum thickness, namely, 


pr n+1 
7 m(1+n?)'/? n—-1 





The ellipticities were experimentally determined by reflecting light from 
the surface under investigation at the polarizing angle, and measuring photo- 
metrically the ratio of the amplitudes of the two beams transmitted by the 











Fig. 1. Diagram of apparatus 


nicol analysing prism (a) when set to transmit light vibrating perpendicular 
to the plane of incidence, and (b), when set to transmit light vibrating 
parallel to the plane of incidence. 

The apparatus used, a diagram of which is given below, is practically that 
employed in a previous investigation,’ the principal change being that light 
from the same source is used both for reflection from the surface under in- 
vestigation and for illuminating the photometer. This made the readings 
independent of any fluctuations in intensity of the light source, and corre- 
spondingly increased the reliability of the readings. 


2 J. H. Frazer, Phys. Rev. 33, 97 (1929). 
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EXPERIMENTAL 


A piece of rock salt, as free as possible from striations, cloudiness, etc., was 
ground and polished to a small angle (5-10 degrees) to the cleavage plane. 
The crystal was then cleaved along the cleavage plane nearest parallel to the 
polished surface, so that a narrow angle prism resulted, and reflection from 
the cleavage plane could be gotten without an interfering reflection from the 
back surface. This crystal was then put, as quickly as possible, into the 
apparatus, and the apparatus evacuated. The ellipticity was read. The 
temperature of the apparatus was then raised, and readings taken until they 
reached a constant value. Then a second higher temperature was established, 
and readings again taken until they became constant, and so on. The curve 
given below is the temperature plotted against the equilibrium values of the 
ellipticity, which is roughly proportional to the thickness of the adsorbed 
layer. It will be observed that the curve reaches a minimum at about 330° 
and again starts to rise very slightly; but this last rise is within the limit of 
experimental error. At temperatures above 400° the readings became very 
unreliable, going up and down again with no apparent regularity while the 
temperature was kept constant. 

These fluctuations were interpreted to mean evaporation and recondensa- 
tion of the NaCl, since it was found that cooling a part of the container by a 
blast of cold air while it was at this temperature would stabilize the readings. 
The air blast would be expected to prevent recondensation, and so maintain 
a steady surface condition of continuous evaporation. 

I then tried exposing the crystal to the action of water vapor. A new, 
freshly cleaved crystal was put in the apparatus, and the apparatus evacuated 
and sealed off from the pump. Then a liquid air bottle was removed from 
around a side tube containing a saturated solution of sodium chloride; this 
warmed up to room temperature, establishing in the apparatus the vapor 
pressure of a saturated sodium chloride solution. This was necessary to pre- 
vent condensation of water on, and solution of, the crystal surface. After 
standing for several hours, the readings showed no change, indicating that the 
amount of water vapor adsorbed was smaller than could be detected experi- 
mentally. The water vapor was then frozen out with liquid air, and the 
apparatus heated to 350°. On cooling to 30° and establishing a pressure of 
5 mm water vapor pressure, the ellipticity increased from 0.00887 to 0.00108, 
coming back to its original value 0.00887 on being reheated and re-evacuated. 


INTERPRETATION 


Obviously, neither the “intrinsic surface effect” ((4) at beginning of paper) 
nor the degree of polish is a function of temperature. Therefore, this effect 
must be ascribed to adsorbed material, and to the temperature vibrations of 
the surface. The amount of adsorbed material, and its contribution to the 
ellipticity, would decrease with increasing temperature; on the other hand, 
the temperature vibration of the surface, and its contribution to the ellip- 
ticity, would increase with increasing temperature. Applying this to the 
above, we see that the thickness of the layer decreases up to 330° and from 
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there on remains constant to within the limits of experimental error. This 
means that on increasing the temperature, the decrease in ellipticity due to 
the progressive outgassing of the surface overshadows the increase in ellip- 
ticity due to increased thermal agitation of the surface up to temperatures of 
330°. From there on the algebraic sum of the two effects is zero, as far as can 
be told experimentally. 

We can get a maximum value, and an order of magnitude for this tempera- 
ture roughening of the surface in the following way. We take into account the 
surface ions only, and consider them as an aggregate of uncoupled linear 
harmonic oscillators, and evaluate the root mean square position. Multi- 
plying this by two will give us the layer thickness. We get the same result 
for the linear oscillator classically and quantum-mechanically, namely 


= KT 1/2 KT 1/2 
(x?) 1/2 = , or AZ= ) 
8r2mv? 232mv? 


Even if this layer has its maximum effect on the ellipticity, this effect 
would be experimentally undetectable; so we are justified in ascribing this 
effect to adsorbed layers alone. 

Below is given the curve representing a plot of ellipticity against 
temperature. 
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Fig. 2. Adsorption of air on sodium chloride. Ellipticity as function of temperature. 


Above the temperatures indicated in the diagram, there was evidence of 
evaporation, and we felt safe in assuming that the minimum of this curve 
represented a condition of no adsorption. If this is so, then the total thickness 
of adsorbed layer adsorbed at room temperatures can be assigned a limit, 
namely 6X10-§ cm. ° 

Attention must be called to the fact that these figures represent equi- 
librium values at the indicated temperature and degree of evacuation used 
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(10-° on a McLeod gauge, with liquid air trap). If the crystal be outgassed 
at a temperature above 330° and the temperature lowered, it requires only 
about 30 min. for the equilibrium thickness of layer corresponding to the 
lower temperature to be established, and this thickness, within the experi- 
mental error, is independent of the pressure within the limits of 760 and 
10> mm. 

Since the dielectric constants of water and air are not known for such 
thin layers, we can only assign a lower limit to the thickness of the layer, and 
if we wish, make what seems a reasonable assumption about the dielectric 
constant, and then make our calculations. In the case of water vapor and 
air, we might take the die.ectric constant of liquid water, and calculate that 
of air from the dielectric constant of atmospheric air and the known density 
of liquid air by Lorentz’s* formula. Doing this, we find that the values we so 
get are not very far from being those calculated as a minimum, and so they 
seem reasonable values. This would mean that in the above curve we would 
interpret the maximum ordinate as corresponding to a layer thickness of 
6X10-* cm and the minimum ordinate as a zero layer thickness. This is 
probably right to within the experimental error. 

Further, the experiments were quite conclusive in that exposure to a vapor 
pressure of water less than that of a saturated solution of sodium chloride 
produces no permanent change in the surface. (This was not so in the case of 
a polished surface; these deteriorated at a much lower pressure, although the 
limit was not found.) 


* Lorentz, Theory of Electrons, p. 144. 
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THE COMPRESSIBILITIES AND THERMAL PRESSURE 
COEFFICIENTS OF CERTAIN LIQUIDS 


By Joe. H. HILDEBRAND 
CHEMICAL LABORATORY, UNIVERSITY OF CALIFORNIA 


(Received June 10, 1929) 


ABSTRACT 


Values for the compressibilities of heptane, acetone, carbon tetrachloride, 
benzene, carbon disulfide, ethylene chloride, ethylene bromide and bromoform, ob- 
tained by Westwater, Frantz and Hildebrand from their direct measurements of 
the thermal pressure coefficient, (0p/9T)», were subject to a small error which is here 
corrected. The corrected values are compared with some recalculated from the 
adiabatic compressibilities directly measured in 1913 by Tyrer, and obtained recently 
by Freyer, Hubbard and Andrews by the aid of a sonic interferometer. The data 
from the three sources and methods show excellent agreement. Values are given for 
the constant v*7(dp/dT),., from which can be calculated the coefficients of thermal 
pressure or of compressibility at various temperatures by the aid of existing data 
for the densities and coefficients of expansion. In the following list the first number 
for each substance represents the coefficient of thermal pressure at 20°, the second 
the compressibility at 20°10’ and the third the value of the above mentioned 
constant: Heptane, 8.66, 1430, 5420; acetone, 11.32, 1260, 5305; carbon tetra- 
chloride 11.47, 1060, 1325; benzene, 12.58, 966, 4800; carbon disulfide, 12.67, 938, 
2340; ethylene bromide, 15.20, 633, 936; ethylene chloride, 14.17, 818, 2640; bromo- 
form, 15.32, 594, 537. The unit of pressure is the atmosphere, v is the specific volume. 


OT long ago, the writer, with the collaboration of W. Westwater and H. 

W. Frantz! published values for (8p/a7T), (which we will call the thermal 
pressure coefficient, 7(dp/07), being the thermal pressure), for eight liquids 
and a number of their mixtures. These values were directly determined by 
making use of what was in principle a constant volume thermometer. From 
them the authors calculated the corresponding compressibilities by the aid 
of the cofficients of expansion. The compressibilities so obtained were some- 
what higher than many of those recorded by other observers. Part of the 
disagreement is due to an error in our calculation. We used the equation 
(dp/aT), =a/B, where a and 8 are, respectively, the cofficients of expansion 
and compressibility. This is true at 0°C, but since the coefficient of expansion 
is ordinarily defined as a =(1/v9) (dv/8T),, and the coefficient of compressi- 
bility as 8 =(—1/v) (dv/dp) , where v is the specific volume at 1 atmosphere 
and ?°C, vo the same at 0°C, our values for 8 should be multiplied by v/v. 
In giving corrected values, we have availed ourselves of the data given in 
the International Critical Tables, except that the coefficient of expansion and 
density of bromoform are from the recent measurement in this laboratory.’ 
The resulting values are still larger than most of those found in the literature, 


IWestwater, Frantz and Hildebrand, Phys. Rev. 31, 135 (1928). 
‘A. Sherman and J. Sherman, J. Am. Chem. Soc. 50, 1119 (1928). 
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but are strikingly comfirmed by two sets of values, one by Tyrer® calculated 
from the observed adiabatic compressibility, and another recently published 
by Freyer, Hubbard and Andrews,‘ who determined the velocity of sound 
by a sonic interferometer, which gives the adiabatic compressibility from 
which, in turn, the isothermal compressibility was calculated. This cal- 
culation requires data for the density, the thermal expansion and the specific 
heat. The last named experimenters used the same data for these quantities 
as were used by Tyrer, but since newer data are available, we have recal- 
culated their results for the liquids we measured by the aid of data taken 
from the International Critical Tables. 

Table I gives in columns 2 and 3 the adiabatic coefficients of compressi- 
bility at 20°C, obtained for these liquids by Tyrer and by Freyer, Hubbard 


TABLE I.* Thermal pressure coefficients and compressibilities at 20°C. The unit of pressure is the atmos phere. 








Adiabaticcom-| Spe- Densi- 4v/57| Thermal pressure coef.) Isothermal compressi- 




















Liquid pressibility cific ty,e X10 5p/5T bility, 8, X10) v7 5p/6T 
Tyrer F.,H.&A.| heat Tyrer, F.,.H.&A.W.,F.&H.|Tyrer, F.,H.&A.W.,F.& H. 
Heptane 111.4 0.6836 1813 8.61 8.66 143.9 143.0 5420 
Acetone 90.6 | 2.182 0.7901 1805 11.35 11.32 125.6 126.0 5305 
Carbon tetrachloride} 72.45 72.8 | 0.836 1.5941 763 | 11.54 11.49 11.47 | 105.3 105.8 106.0 1325 
Benzene 66.25 65.8 | 1.69 0.8787 1382 | 12.68 12.73 12.58 95.8 95.4 96.6 4800 
Carbon disulfide 59.95 59.8 | 1.005 1.2624 942 | 12.78 12.82 12.67 93.0 92.7 93.8 2340 
Ethylene bromide 2.1805 441 15.20 63.3 936 
Ethylene chloride 1.2537 926 14.17 81.8 2640 
Bromoform 41.2 2.8912 315 15.32 59.4 $37 








* The author is indebted to Mr. A. Wachter for help in the calculations. 


and Andrews, respectively. The original observations extend through a 
range of 50 to 80 degrees but we reproduce here only the values for 20°, 
since the variation with temperature is adequately taken care of by a relation 
given below. The specific heats, in column 4, are probably subject to greater 
error than any of the other factors involved, but fortunately the formula 
whereby the isothermal compressibilities are calculated reduces the error to 
about one-third. In the sixth column we give (dv/d7), instead of the ordinary 
coefficient of expansion, to avoid the confusion mentioned in the opening 
paragraph. In the seventh and eighth columns are given the values of 
(dp/8T)., a very important thermodynamic quantity, calculated from the 
adiabatic compressibilities, By, from the two sources, by aid of the formula 


(<*) ( Bu 4 0.10137 =) 

8T/, \pdv/aT Cp, oar] — 

In the ninth column are the values of the same coefficient directly determined 
by the author and his collaborators. 


The next three columns give values of the isothermal compressibility, 


1 /dv Ov 
S eee Or pi — ] > 
v \0p/r Op/r 
* Tyrer, J. Am. Soc. 103, 1675 (1913). 
4 Freyer, Hubbard and Andrews, J. Am. Chem. Soc. 51, 759 (1929). 
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where p is the density corresponding to each value of the coefficient of thermal 
pressure, calculated from the latter by the aid of the density and expansion 
coefficient, by the aid of the relation 


(2) (2), --(2)- 


The agreement between the values of the coefficients of thermal pressure 
and of compressibility from the three sources is very striking, especially 
when it is remembered that they are derived from as many independent 
methods, and it goes far towards establishing the fact that the lower values 
for the compressibility obtained for these substances by many other investi- 
gators are of inferior accuracy. 

The variation of 8 with temperature can be calculated with considerable 
accuracy by the relation used by Westwater, Frantz and Hildebrand, i.e. 
that v?7(dp/dT), is constant. Evidence for this was given in their paper and 
it is further comfirmed by the data of the other workers cited in this paper. 
We will give here only the values of the constant for benzene. 


Temperature: 10 20 30 40 50 60 70 
Tyrer: 4800 4815 4830 4830 4810 4820 4810 
F.,H. and A.: 4813 4820 4815 4820 4805 


We therefore give in the last column of Table I, values of this constant, 
representing weighted means, from which, by the aid of values of the den- 
sity and of (dv/d7),, readily obtainable from the International Critical 
Tables, one may readily calculate either coefficient, that of thermal pressure 
or of compressibility at 1 atmosphere and any ordinary temperature. 
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NOTE ON THE THEORY OF ACOUSTIC WAVE FILTERS 


By R. B. LInpDsay 
SLOANE Puysics LABORATORY, YALE UNIVERSITY 


(Received July 5, 1929) 


ABSTRACT 


Comparison is made of the lumped impedance theory of Stewart and the more 
recent transmission theory of Mason. It is found that for the low frequency pass 
and single band types the former theory gives to a very close approximation the same 
frequency limits for the transmission region as the latter. The weak point of the 
former is the high frequency pass type, where Stewart's formulae are semi-empirical. 
The connection between these and the corresponding formulae of Mason is investi- 
gated. 


HE development of the acoustic wave filter has been due mainly to 
G. W. Stewart!, who first presented the theory and constructed actual 
filters. His theory given in the first of the papers noted below (hereafter 
referred to as loc. cit.) assumes lumped acoustic impedances in the main line 
and branch lines postulating that the air in each section of the filter moves 
as a whole and that the length of each is short compared with one wave- 
length of the sound. More recently Mason? has worked out a more general 
theory of the acoustic filter and has applied it to several special cases. It 
does not appear, however, that anyone has clearly pointed out the relation 
between the two theories to account in particular for the generally excellent 
agreement with the experimental data of Stewart’s admittedly approximate 
theory. It is the aim of the present article to make this clear. 
Considering the accompanying schematic diagram (Fig. 1) of an infinite 
filter in which the branches (represented here for simplicity as simple ori- 








Zy ra ray 
Fig. 1. Diagram of acoustic filter. 
fices) are assumed arbitrary in nature, the lumped impedance theory, neg- 
lecting viscosity damping, (loc. cit. p. 531) deduces the relation 
X mp1/Xm=e¥ (1) 
where 
cosh Y=1+4Z,/Zs. (2) 


1G. W. Stewart, Phys. Rev. 20, 528 (1922); 23, 520 (1924); 25, 90 (1925). 
2 W. P. Mason, Bell System Technical Journal 6, 258 (1927). 


652 








ACOUSTIC WAVE FILTERS 653 


In these equations X,,denotes the volume current at the beginning of the 
m'** section, while Z; is the acoustic impedance of one section of the main 
conduit and Z; that of one of the recurrent branches. Both Z; and Z, are 
here supposed to be pure reactances, so that their ratio is real. Trans- 
mission without attenuation occurs only when Y is a pure imaginary, i.e. 
—1< cosh Y<+1. Hence the limits of the transmission region will be 
given by the equations 


Z,/Z2 = 0, Z:/Z: = — 4. (3) 


In the theory of Mason, which may perhaps be called the branch trans- 
mission theory since it is most simply developed by considering transmission 
through a conduit with a side branch* it is found that the relation corres- 
ponding to equation (1) above is 


where 
cos W = cos 2kl + (iZ/2Z:) sin 22. (5) 


There is a similar relation for the pressures‘. In the Eq. (5) 2/=length of 
one section i.e. the distance between successive branches, Z: is the branch 
impedance as before, but Z is not the same as Z;. Rather we have Z =poc/S, 
where po is the equilibrium density of the air, c the velocity of sound and S$ 
is the area of cross section of the main conduit. It is seen that Z is the 
acoustic resistance of the plane wave in the conduit. As usual, k=w/c=2mv/c, 
where v is the frequency. Transmission without attenuation occurs only 
when W is real, i.e. for 1>cos W>-—1. Hence on this theary the limits of 
the transmission region are given by the transcendental equations (Mason, 
reference 2, p. 267) 


(iZ/2Z2) = — cot kl, (iZ/2Z:) = tan kl. (6) 


We have now to investigate the relation between Eqs. (3) and (6). Sup- 
pose first that ki is very small, corresponding to short sections and low fre- 
quencies. Neglecting higher powers of &/ than the first, Eqs. (6) become 


2iklZ/Z2=—4, 2iklZ/Z,=0 (7) 


From the value of Z, it is seen that these take the form of Eqs. (3) provided 
we set Z,=2iklpc/S. But this is precisely t#M, where M,=(mass of air 
per section)/S* is the inertance of one section of the conduit. Now for 
the low frequency pass and the single band type filters Stewart (loc. cit. 
p. 541 ff) assumes Z, to be just of this form, and hence to the above mentioned 
approximation the two theories give identical results. 

The situation is different if / is no longer small and if high frequencies 
are considered, as is the case with the high pass filter, the simplest type of 
which is a tube with simple orifices as branches. Here since Z,=iwM, 


3G. W. Stewart, Phys. Rev. 26, 688 (1925). 
“See the above noted article of Mason, p. 266, and allow for change in notation. 
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(inertance only in the orifice) the lumped impedance theory can not define 
Z, as above. In this case Stewart (loc. cit. p. 538) assumes that Z; is due to 
a combination of inertance M, and capacitance C, in parallel, that is 


Z1 = iwM,/(1—M Cw?) (8) 


where M, is as given above and C,;=V/poc?=2/S/poc?. As an alternative 
choice, he also tried 


Z,:=—i/Cw (9) 


corresponding to M,=© in (8). There is little justification for either of 
these, except on empirical grounds, as was pointed out by Stewart. There 
is, indeed, some argument in favor of attributing capacitance to the conduit 
in this case, but no one knows a priori how much. However, the choice 
(8) led to rather good agreement with experiment, and we wish to see why. 
Substitution and reduction of (8) yield 


Z1= ipoc /S- 2kl/(1—4k?I?) 


and if Z2=iwM2=iwpo/co, where cp is the acoustic conductivity of the orifice, 
the low frequency limit is given by 


Co/2kS = — (1 — 4kl?)/kl. (10) 
For the same limit the second of Eqs. (6) gives 
co/2kS =tan kl (11) 


whence there is agreement between the two theories for this case only if 
tan kl= —(1—4k*/*)/kl 


which is not an identity but is approximately satisfied for k/ in the immediate 
neighborhood of (1/3)'/?.. As a matter of fact this condition is met approxi- 
mately in most of Stewart’s data on the high pass filter (loc. cit. p. 548). 
Recalculation, using the limit given by Eq.'(11) gives somewhat better agree- 
ment with the experimental results, which are, of course, themselves not too 
precise. 

It is perhaps worthy of comment that the assumption which attributes 
capacitance only to the conduit (see Eq. (9)) gives low frequency limits 
about half as large as the experimental values. Thus if we assume® Z,;= 
—4i/Cw, the second of Eqs. (3) gives for the low limit 


Co/2kS = kl (12) 


instead of (11). If k1<0.6, the difference between &/ and tan &l is less than 
13 percent and the calculated frequencies differ in percentage by roughly 
half this. This explains why Stewart’s F’ values (loc. cit. p. 547 and Table 
III p. 548) are about half the right order of magnitude. 


5 This fact has been called to my attention by Professor Stewart. 
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The conclusion we reach then is that as far as the low pass and single 
band type filters are concerned the lumped impedance theory is as good 
in practice as Mason’s branch transmission theory. The weak point of 
the former lies in the high pass case, but the above discussion shows that even 
here it is possible to give it a reasonably satisfactory interpretation. Its 
greater simplicity will undoubtedly continue to render it preferable to the 
branch transmission theory in the practical construction of filters. Refer- 
ence may here be made to a forthcoming article by G. W. Stewart and 
C. W. Sharp’ in which further comparison between the two points of view 
is made on the basis of more recent experimental data. The measurements 
here referred to are of the so called characteristic or mid-series impedance, 
i.e. the impedance with which it is necessary to match a finite filter terminated 
half way between two successive branches in order that it may act as an 
infinite filter. On the lumped impedance theory this is (Z,Z.+2Z,°/4)™, 
while the branch transmission theory (Mason, loc. cit. p. 265) yields for the 
same quantity 


(13) 





1+iZ/2Z,-tan y" 


m/Xm=Z -2( 
hein ada RE re 


For k/ small, substitution and reduction show that to the approximation 
already employed in establishing Eqs. (7) these two impedances are identical. 

I am indebted to Professor Stewart for discussion of the material in this 
article. 


6 This statement neglects the presence of the additional bands found in these types of filter, 
which are perhaps more easily interpreted on Mason’s theory. But see Phys. Rev. 25, 90, 
(1925) for Stewart's interpretation. 

7 Stewart and Sharp, Journal of the Opt. Soc. Amer. 19, 17 (1929). 
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ABSTRACT 
By imposing certain restrictions on the shape of a conically wound spring, it is 
valid to assume that the extension under a load is due entirely to torsion. It is found 
that the extension is then given to an approximation by the expression: 
2MgR*L 
72M eR L 
; 3anr;' 
Mg is the load, R is the radius of the end coil, L and 1; are respectively the length 
and radius of the wire of which the spring is made, and 2 is its rigidity modulus. 
For a truncated conically wound spring, this expression becomes: 
> 2MgN(R+r)(R?+Rr+r?) 


3nr;* 


Z 





N is the number of coils of the spring, and r is the radius of the small end coil. By 
making certain assumptions the period is shown to be: 


xm\ Zz 1/2 
T=2x( 1+>)-) 


m is the mass of the spring, and X is a function of the ratio of the radii of the two end 
coils. 


INTRODUCTION 


HE conically wound spring is in quite general use, but it does not lend 

itself so readily to theoretical treatment as does the helical. Conse- 
quently, while the theory of the helical spring is well developed,’ the conically 
wound spring presents a field for investigation which is practically untouched. 
If this type of spring is defined as a uniform wire wound in such a way that 
the elastic central-line lies upon a right cone and cuts all the generators under 
the same angle, the equations 


X = ce cos u Y =ce™ sin u 
Z=be™ 


where a, b, and c, are constants, and u is the general parameter, may be 
taken to represent the elastic central-line. These equations offer one method 


* A paper presented to the American Physical Society April, 1928. The writer wishes 
to express his thanks to Professor G. D. Collins who suggested this problem and whose constant 
interest has been a strong incentive to persist. He is indebted to Professor W. W. Elliott for 
a helpful suggestion which lead to a solution. 

1 Kelvin and Tait. “Treatise on Natural Philosophy,” part II, pp. 139-144. 
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of solution to the problem of the conically wound spring, but a less tedious 
method will be presented here. 
EXTENSION OF A CONICAL SPRING 


The quantity of stored energy in a twisted straight rod is given by the 
expression: 


Q=4xnr,*(d6/ds)?l 


lis the length of the rod, d6/ds is the rate of twist, 7; is the radius of the rod, 
and 7 is its rigidity modulus. Consider a small element ds of a conical spring, 
i.e. a conically wound spring which terminates at the apex of the cone. It is 
evident that since the twisting torque is a variable, the rate of twist will be a 
variable. Hence the stored energy of this particular element is: 


dQ =innr,*(d0/ds)*ds 


provided the element ds is normal at all times to the plane of the line of 
action of the force due to the load and the radius of the coil. In the develop- 
ment of the equations of the elastic central-line, this restriction may be shown 
to lead to the result that 


a=R/L (1) 
R is the radius of the end coil, and L is the length of the spring measured 


along the wire. The expression for the torsional couple on a rod or wire of 
circular cross section is: 


M ga, =}32nr,*d0/ds 
a, is the arm of the couple, r; is the radius of the rod, 1 is its rigidity modulus, 


and d6@/ds is, as above, the rate of twist. Utilizing the last three equations, 
and integrating between the limits LZ and O, there results: 


(Mg)?R2L 


3anr;* 


If Z is the extension the spring undergoes, it follows from Hook’s law that 
Q=3MgZ, and hence 
2MgR?L 
Z=———_- - (2) 
3anr,* 
The corresponding expression for the helical spring is: 
2MgR?°L 
Z= —. 


wnr,* 





Comparing these two equations, the following relationship between the helical 
and conical spring may be noted: When a given weight is applied, the ex- 
tension of a conical spring is equal to one-third the extension of a helical 
spring made of wire of the same dimensions and the same modulus of rigidity, 
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the helical spring having a radius equal to the radius of the end coil of the 
conical spring. 


MODIFICATION FOR TRUNCATED CONICALLY WOUND SPRING 


It is now comparatively easy to modify the above result to fit the case of 
a truncated conically wound spring which has a coil of radius r at the upper 
end and a radius R at the lower end. Imagine the wire of a truncated coni- 
cally wound spring to be extended upward to the apex of the cone so that it 
becomes a spring whose extension is given by Eq. (2). Now by using the 
relationship (1), and by a simple composition of known extensions given by 
Eq. (2), the result for the truncated conically wound spring is found to be: 


2 2M gL(R?+ Rr+r’) 


3arnr;* 





Or, since L is in general difficult of measurement, we may approximate it and 
write? 
P 2MgN(R+r)(R?+ Rr+r?) 


3nr,4 


(3) 





N is the number of turns of wire in the coil. 


PERIOD OF CONICALLY WOUND SPRING 


From Eqs. (1) and (2), it is evident that the velocity of any element 
along the wire of a conical spring may be expressed as 2 Mga*S*/32nr;', where 
S is the distance of the element measured along the wire. The fact that the 
velocity of the element of a conical spring varies in this way with the cube of 
the distance along the wire, can be used to determine the expression for the 
kinetic energy of the truncated spring when vibrating with a load. However, 
in order to apply this principle to the truncated spring, it is necessary as in 
the calculation of the extension to imagine the truncated spring as an integral 
part of a larger conical spring. Then by a simple composition of extensions, 
and by a determination of the dimensions of the hypothetical part of the 
conical spring in terms of the known dimensions of the truncated spring, it is 
possible to work back to the real case. This method gives for the kinetic 
energy of the truncated conically wound spring: 


1 . (2+6K+12K?+13K*+9K* 
as z[2* +12K?413K*+ ] 


2 14(1+K+K?)? 





Z is the instantaneous velocity of the vibrating load, m is the mass of the 
spring, and K is the ratio, r/R. Assuming that the system is conservative, the 
expression for the period is found to be: 


2 In the October, 1928, issue of the J.0.S.A. & R.S.I., R. B. Abbott developes by another 
method a different expression, namely Z = MgN(R+r)(R?+1*)/nr,*. This expression does not 
agree so well with experimental data now available as does the one developed in this paper. 
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xm Zz 1/2 
T=2 i+— }— 
r((1+=*)=) 


where X is the value of the fraction of mass of the spring which enters into 
the expression for its kinetic energy. The calculated values which this fraction 
assumes for various values of K are given below. 











TABLE I. 

K Fraction K Fraction K Fraction K Fraction 

0 0.1429 0.25 0.1861 0.55 0.2480 0.80 0.2978 
0.05 .1503 .30 .1961 .60 . 2583 .85 .3071 

.10 .1585 a . 2063 .65 . .2685 .90 .3161 

15 . 1673 .40 .2167 .70 .2785 .95 .3249 

.20 .1764 .45 .2271 .75 . 2883 1.00 .3333 

.50 . 2376 














Equation (3) has been checked experimentally with good agreement. 
Using a small phosphor-bronze spring, the values found were: 


Mg=980 X 2.392 dynes 
N=112.5 turns 


R=0.9115 cm 
r=0.4115 cm 
r,=0.026 cm 


n =4.36 X10" dynes/cm? 


From direct measurement, the extension was found to be 1.60 cm. The value 
calculated by the above data gives 1.605 cm, an error of 0.3 percent, which is 
within the limits of experimental error. Using the same spring with a load of 
9.955 grams, an experimental value of 6.70 cm was found for the extension, 
as compared with 6.682 cm by formula, an error of less than 0.3 percent. 
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English and Science. Paitip B. McDonacp. Pp. viii+192. D. van Nostrand Company, 
New York, 1929. Price $2.00. 

This book is planned primarily for engineering students and aims to interest them in the 
proper use of English in their technical work, particularly with letters and reports, the prepara- 
tion of which forms so large a part of their later professional activity. Besides this, the book 
is extremely stimulating and interesting to research workers who have to prepare technical 
papers. The senior associate editor of the Physical Review strongly recommends that authors 
of papers to be presented for publication herein follow its recommendations regarding concise- 
ness and choice of words. In the concluding chapters the author suggests how an engineer or 
other technical expert whose general cultural background is deficient may begin to remedy his 
deficiency by reading in the history and biography of his specialty. 

A study of the monograph shows that Mr. McDonald has some deep-seated prejudices 
against lawyers and women, but aside from these biases the selection of examples and the com- 


ments thereon are extremely happy. 
L. W. McKEEHAN 


Gmelin’s Handbuch der Anorganischen Chemie. Eighth edition edited by R. J. MEYER. 
System-Nummer 21: Natrium, pp. 992 +-xviii+xxxiii, 75 figs., price RM 150. System-Nummer 
31: Radium und Isotope, pp. xvii+iv+80, 4 figs., price RM 15. System-Nummer 59: Eisen, 
Teil A—Liefering 1 pp. 224, price RM 33. Verlag Chemie, Corneliusstrasse 3, Berlin W 10 
Germany, 1929. 

Thus far there have appeared twelve volumes of this completely rewritten eighth edition 
of Gmelin’s classic which when complete will comprise more than seventy volumes of informa- 
tion about all the known elements. Although written primarily for chemists the information 
given includes, with very complete bibliography, almost all that is known of the physical prop- 
erties of the elements and their compounds. 

The work is extremely valuable to the physicist. It provides for him a means of ready 
access to the literature of almost any subject provided he can remember, as is usually the case, 
what elements have been studied in that connection. The treatment given each subject is not 
very critical. A sentence or two summarizes the work of each author in the field but as a biblio- 
graphy of source material it is invaluable. The volumes are well indexed and analytically 
arranged for convenient reference. 

Joun T. TATE 





